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Abstract
In this work we investigate the spectra of light and strange baryons for dierent
eective interactions between constituent quarks. In particular we examine the inuence of an additional Coulomb term on top of a linear connement and variants of
the hyperne interactions derived from Goldstone-boson-exchange (GBE) dynamics;
the latter include specically pseudoscalar, vector and scalar exchanges. We present
our own parametrization of an extended GBE constituent quark model (CQM) with
all but spin-orbit forces included.

The resulting spectra produce most states to a

Λ and Σ spectra can
N (1680) and N (1675),

high accuracy, and the correct level orderings in the nucleon,
be obtained.

The only remaining problems are the states

which cannot be described in accordance with their almost degeneracy observed in
experiment, and the

Λ(1405),

which is obviously much inuenced by the nearby KN

threshold and can probably not be explained by a constituent quark model relying
on

{QQQ}

congurations only.

The version of the extended GBE CQM constructed here is mainly intended to
serve as a basis for the inclusion of the missing spin-orbit terms of the meson-exchange
potentials, which is the central subject matter in a parallel diploma work.
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Chapter 1
Introduction
Quantum chromodynamics (QCD) is generally accepted as the fundamental theory
of strong interactions. It can be solved reliably in the limit of high energies by perturbative methods. The corresponding predictions are well conrmed by experiments.
In the range of low-energies, however, perturbative methods are no longer applicable.
Here one has to resort to alternative approaches.

For years one has tried to solve

QCD directly by discretization on a lattice. While a number of valuable results have
been gained in this way, one has not yet reached a quantitative description of the
wealth of hadron phenomena at low and intermediate energies. Another way consists
in developing eective theories or models for non-perturbative QCD.
The properties of QCD are drastically changed when proceeding from high to low
energies.

While such phenomena like connement (in contrast to asymptotic free-

dom) and the spontaneous breaking of chiral symmetry (SBχS) have become quite
evident by now, one is still far away from understanding their mechanisms.

This

makes it dicult to deduce an eective theory from the original QCD. Rather one
tries to include the consequences of the above features in the construction of eective approaches. In fact, it appears mandatory to take into account the established
properties of QCD at low energies in any eective model.
The picture of low-energy hadrons consisting (primarily) of conned constituent
quarks has recently become more and more supported by results from lattice QCD

+
[A 99].

One may assume that the transmutation of current quarks (as the origi-

nal QCD degrees of freedom) to constituent quarks (as quasi-particles of low-energy
QCD) happens in parallel with SBχS and/or is a consequence thereof. The assumption of constituent quarks as building blocks of low-energy hadrons should thus be
accompanied by the generation of Goldstone bosons due to the spontaneous breaking
of the symmetry

SU (3)L ⊗ SU (3)R → SU (3)V

(here we deal only with three a-

vors). In other words, constituent quarks and Goldstone bosons should represent the
essential QCD degrees of freedom at low energies.
As a consequence, it also appears reasonable to construct constituent quark models (CQM) for the description of mesons and baryons. In fact, this approach already
has a long tradition, and it has also lead to several useful insights into the physics of

1

Chapter 1. Introduction

2

low-energy hadrons. CQMs have appeared in a variety of dierent frameworks. Earlier years have seen non-relativistic CQMs, but one has soon learned that constituent
quarks conned inside the volume of hadrons are essentially relativistic particles.
Also the (eective) interaction between constituent quarks has been assumed due to
various dynamical concepts.
In the early times of CQMs the connement was assumed in a simple harmonicoscillator form. Nowadays a linear connement as suggested by QCD is preferred, at
least in the peripheral range.
For the hyperne interaction, one has originally adopted the idea of one-gluon
exchange (OGE) [RGG75]. Subsequently, modications of the corresponding colormagnetic interaction were applied and other types of interactions were added in socalled hybrid CQMs. A few years ago the suggestion of a Goldstone-boson-exchange
(GBE) interaction was put forward [GR96].

It was motivated as a consequence of

SBχS.
In this work we will be essentially concerned with a CQM based on this latter idea
of GBE. So far, a rst version of a CQM constructed with a restricted interaction
deriving from GBE (namely, a pseudoscalar boson exchange with only the spin-spin
part taken into account) has been rather successful in describing the light and strange
baryon spectra. It is the aim of our work to complete the GBE CQM by including
further parts of the interactions that can be mediated by the exchange of bosons.
Upon attempting to construct an extended version of the GBE CQM we also study
the inuences of dierent force components in some detail.

Chapter 2
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In this chapter, we will consider the physical motivations for the idea of a Q-Q
hyperne interaction mediated by the exchange of Goldstone bosons. We will discuss
the Hamiltonian that serves as the base for our parametrization of the extended GBE
CQM presented in this diploma thesis. The early models, advocating GBE dynamics
as published e.g. by Glozman, Papp, Plessas, Varga, and Wagenbrunn ( [GPP96] and
[GPVW98]), were already able to describe the spectra of light and strange baryons to
an astonishing degree, although only a very small number of parameters was needed
to t to the experimental spectra.
The GBE CQMs presented in chapters 1 to 3 were developed by other authors, and
nothing new will be presented until chapter 6, where I present my own parametrization of the extended GBE CQM.
The previous models have already been described in several works (e.g. in Robert
Wagenbrunn's doctoral thesis [Wag98] or in K. Berger's [Ber02] or K. Glantschnig's
[Gla02] diploma theses). In my discussion I will essentially follow these sources, so I
will not explicitly cite them any more, except where I want to point out something
particular. Wherever I nd it worthwhile, I will try to explain things in more detail
and show general connections.

3
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2.1 The general form of the Hamiltonian
In the GBE constituent quark model, the baryons are viewed as particles made of
three constituent quarks (which are dierent from the current quarks of original QCD
and should be understood as quasi-particles with a dynamical mass heavier than the
current quark mass).

Together with the constituent quarks there arise Goldstone

bosons as eective degrees of freedom of low-energy QCD. They are suggested by
the spontaneous breaking of chiral symmetry.

As a result the interaction between

conned constituent quarks can be attributed to Goldstone-boson exchange, even
though it is not strictly derived within QCD.
In general, the Hamiltonian of the Q-Q interaction consists of a connement part
and a hyperne interaction:

H = H0 +

X

[V (~rij ) + V

(~rij )] .

(2.1)

is the kinetic energy of the three-quark system.

In the early model of

hf

conf

i<j
Here

H0

Glozman, Papp, and Plessas [GPP96] it was taken in the non-relativistic form [Wag98]

H0 =

3 
X
i=1

with

mi

p~2
mi + i
2mi



being the masses of the three constituent quarks, and

(2.2)

p~i

their individual

three-momenta.
This non-relativistic kinetic approach has the fundamental aw that the magniv
tude of the expectation value of the kinetic-energy operator generally implies
> 1,
c
i.e.

the mean velocity of a constituent quark is larger than the speed of light.

From this observation one learns that the kinetic energy must not be treated nonrelativistically. Rather one has to use a relativistic kinetic-energy operator to avoid
such problems from the beginning. Later models used a semi-relativistic approach,
where the kinetic-energy operator is taken in relativistic form. We will discuss them
in the next chapter.

V (~rij ) describes the hyperne interaci and j , and it is subject to discussions. Its

In the Hamiltonian (2.1) above, the term
tion between the two constituent quarks

hf

specic form in case of GBE will be motivated in the next few sections.

2.2 Connement
In equation (2.1),

V

conf

(rij )

is the connement potential for constituent quarks. It is

taken as a mutual interaction. In principle, for a three-quark system, one would also
have a Y-like connement as proposed e.g. in [CKP83]. In this context each quark is
the source of a ux tube and the three ux tubes meet at a single point generating
the regular star conguration so that the static energy is minimized.
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5

+

The Y-like three-quark connement can be approximated as sum over all twoquark connements (∆-like connement)
Figure 2.1:

Such a Y-like connement can well be approximated by a

∆-like

which relies only on two-body conning forces (see gure 2.1).

conguration,

The string tension

in that case has to be taken as half of the string tension of the quark-antiquark
−2
connement [DM76] (usually C ≈ 2.5 fm
resulting from theoretical considerations,
−2
and C ≈ 2 − 2.4 fm
in the semi-relativistic GBE CQMs).
Originally, Glozman and Riska [GR96] used a harmonic connement potential

V

conf

1
(~rij ) = V0 + mω 2 (~ri − ~rj )2
6

(2.3)

Glozman, Papp, and Plessas [GPP96] already employed a linear connement of the
form

V

conf

(~rij ) = V0 + Crij .

In subsequent models by the Graz group (e.g.

(2.4)

+
+
[GPP 97], [GPVW98], [GPP 98],

[WGPV00b]) the same form was used, but with dierent numerical values for the
string tension

C

and the constant

V0 .

In [SSRT00], Stassart, Richard, Stancu, and Theussl presented indications that
a concave potential is favorable for the level ordering.

Inspired by these ndings,

in works by Wagenbrunn, Glozman, Plessas, and Varga [WGPV00a, PGVW99] a
slightly modied connement potential


V

conf

(rij ) = V0 + Cr0 1 − e

−rij
r0


≈

(
V0 + Crij
V0 + Cr0 =

was considered. Here the parameters take valued of
This form is more or less linear below

for

r0 ,

const.

r0 = 7

rij << r0

rij >> r0 .

fm and

C = 2.53

fm

and becomes at beyond. The constant

is needed to shift the nucleon ground state to the desired value of

939

is not explicitly needed in the calculations. Instead, since the eect of

−2

.

V0

MeV, but it

V0

is just an

overall shift of the whole spectrum after the calculations are done, all the energies
are shifted by the same amount such that the nucleon ground state
the value of

939

N (939)

assumes

MeV.

Other possible forms of connement can also include a Coulomb term

1
, like the
r

connement potential derived from lattice QCD calculations and described in section
7.2. There we will also give numerical results for a t with such a potential including
a Coulomb term

V (~r) = V0 + σr −

c
.
r

(2.5)
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2.3 Spontaneously broken chiral Symmetry
The QCD Lagrangian of the light baryons (consisting only of u and d quarks) displays

SU (3)L × SU (3)R (since the masses of the
. 10 MeV). For strange baryons (which also

an almost exact chiral symmetry

current

0
quarks are rather small, mu,d

include

s quarks) this symmetry is only approximate due to the considerable mass of the s

0
quark (ms
vacuum

' 150 MeV). This (approximate) chiral symmetry is broken by the QCD
to SU (3)V in the low-energy regime, and the symmetry is realized in the

hidden Nambu-Goldstone mode. As a consequence of this spontaneous breaking of
the chiral symmetry (SBχS in short), an octet of pseudoscalar mesons (π, K, K̄, η ) of
low mass appears as approximate Goldstone bosons, and the valence quarks acquire a
dynamical mass (e.g.

mu,d ' 300

MeV), which is much larger than the current quark

mass.
The masses of these pseudoscalar mesons are connected to the quark condensate
of QCD by the Gell-Mann-Oakes-Renner relations [GMOR68], which for the


1
2
0
0 ¯
m
hūui
+
m
h
ddi
+ O(m0u,d )
u
d
2
fπ

1 m0 + m0d
¯ + O(m0 2 ) .
=− 2 u
hūui + hddi
u,d
fπ
2

m2π0 = −
m2π+,−

Similar relations exist for the

K

and

η

π

read

(2.6a)

(2.6b)

mesons.

In the chiral limit (where the current-quark masses tend to zero), these pseudoscalar mesons would have zero mass (cf.
exists a avor singlet

η

0

equations (2.6a)).

Additionally, there

which decouples form the original octet due to the axial

anomaly [Wei75, tH76]. Although the

η

0

U (1)

cannot be considered as a Goldstone boson

NC limit (where NC denotes the number of colors)
the SBχ S appears as U (3)R × U (3)L → U (3)V implying a nonet of pseudoscalar
0
0
Goldstone bosons, including the η . For the real-world case of NC = 3, the η still
due to its large mass, in the large

gives non-negligible contributions to the GBE exchange and needs to be included in
the corresponding CQM.
Manohar and Georgi suggested two dierent scales for a QCD with three avors:

ΛSBχS ' 4πfπ ' 1
symmetry, and the other, Λ
The rst,

GeV, is the scale of the spontaneous breaking of chiral

QCD

' 100 − 300

MeV, corresponds to connement. Be-

tween these two scales, the eective degrees of freedom in baryons should be assumed
as constituent quarks as well as gluons and Goldstone bosons mediating the forces
between them.
Glozman and Riska [GR96] suggested that beyond the scale of SBχS baryons
should be described as systems of three constituent quarks, with the Q-Q hyperne
interaction deriving from Goldstone-boson exchange, i.e. the exchange of the nonet
of pseudoscalar mesons between the constituent quarks.
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2.4 GBE between constituent quarks
Both the instanton liquid model of the QCD vacuum [Shu93, NRZ] as well as explicit QCD lattice calculation suggest a point-like interaction between the constituent
quarks forming the baryon. For a realistic description of the hyperne interaction,
this interaction has to be iterated in the t-channel to overcome the restriction to
avor-antisymmetric quark pairs.
According to Glozman and Varga [GV00] this leads to a meson-exchange interaction between the constituent quarks, where the pseudoscalar coupling corresponds to
the exchange of Goldstone bosons. In the resulting interaction the long-range term
describes the pion exchange between the constituent quarks, whereas the short-range
term has the most inuence on the spectra of the light and strange baryons. As it
turned out, this GBE interaction displays a spin-avor symmetry which is particu-

N,
+
baryons. Glozman and Riska [GR96] as well as Varga [GPP 98] were

larly well-suited to achieve a correct level splitting in the excitation spectra of the

∆, Λ

and

Σ

able to show such a dynamical concept to be reasonable and working.
Although the exchange of single mesons (One-Meson-Exchange, OME) already
describes the spectra of the light and strange baryons quite well, it still suers from
some problems. In particular, the tensor force component implied by the exchange
of single pseudoscalarmesons
causes

 a spin-orbit
  splitting
  in the low-lying negative−
1−
3−
1−
parity multiplets (N
−N 2 , ∆ 2
− ∆ 12 ,...), which is too large as
2
compared to the measured spectra.

One attempt to cure this shortcoming is to

also include the exchange of multiple Goldstone bosons into the interaction. In an
eective description, the exchange of two Goldstone bosons can be approximated by
the exchange of a

ρ, σ

or

K∗

meson, whereas a triple Goldstone-boson exchange can

eectively be described as the exchange of one

+

π, Κ, η
Figure 2.2:

corr.

+

ρ, σ, Κ∗, ...

corr.

ω

or

φ

meson (see Figure 2.2).

+

+

.....

ω, φ

Multiple pion exchange, described by pseudoscalar and vector meson exchange

2.4.1 The Q-Q potential in conguration-space representation
Using the pseudoscalar Goldstone bosons as exchange particles for the inter-quark
forces (in the

SU (3)F

symmetric approximation) leads to an interaction Lagrangian
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of the form

~ .
ig Ψ̄γ5~λF · ΦΨ
Here,

Ψ

(2.7)

~ is the boson eld of
Φ
and ~
λF denote the SU (3)F

denotes the fermion eld of the constituent quarks,

the octet of Goldstone boson,

g

is the coupling constant,

Gell-Mann matrices. It is not feasible to treat this interaction in its full form in a
(relativistic) CQM. Rather one resorted to non-relativistic reduction (thus the model
is called semi-relativistic, since the kinetic term is taken in its relativistic form) for
the constituent quark spinors.
constituent quarks
(~
σi

· ~σj )

i

and

j,

This results in a hyperne potential between the

which to lowest order includes a spin-spin component

as well as a tensor component (Ŝij ):

octet

Vχ
Here, the

~σi


(~rij ) = ~λFi · ~λFj V (rij )~σi · ~σj + V
ss

tensor

(rij )Ŝij



.

denote the spin matrices for the constituent quark

(2.8)

i,

and

Ŝij

the

tensor operator

Ŝij = 3 (r̂ij · ~σi ) (r̂ij · ~σi ) − ~σi · ~σj .

(2.9)

This reduction is too simplied and does not take into account the dierent quark
masses

mu = md 6= ms

and dierent meson masses

masses as well as the the masses of the

π

and

K

µπ 6= µK 6= µη

(the

u

and

d

multiplets are not exactly equal,

but the small discrepancies are neglected, as one always assumes isospin symmetry).
Due to these dierent masses, the

π, K

and

η

exchange will not be exactly the same

anymore, although each of them still has the same form. The interaction (2.8) then
has to be generalized to

octet

Vχ

(~rij ) =

3
X

VπS (~rij )λai λaj +

a=1

+

7
X

Vπ

and

VKS (~rij )λai λaj + VηS (~rij )λ8i λ8j ~σi · ~σj

a=4
3
X

VπT (~rij )λai λaj +

VK

7
X

!
VKT (~rij )λai λaj + VηT (~rij )λ8i λ8j

Ŝij .

(2.10)

a=4

a=1
While

!

are avor-independent (π and

quark pairs of equal masses), the

η

K

exchanges only happen for

exchange (which can happen for all light and

strange pairs) is avor dependent.
The potential (2.10) of the inter-quark hyperne interaction includes all Gold-


π − , π 0 , π + , K 0 , K + , K − , K̄ 0 , η .
0
although the η cannot be exactly

stone bosons of the pseudoscalar octet

However,

as motivated in the previous chapter,

seen as a

Goldstone boson, it still needs to be included in the potential, as it would become
the ninth Goldstone boson in the large
potential caused by

0

η -exchange

singlet

Vχ

NC -limit.

The pseudoscalar avor-singlet

has a form similar to the octet potential:


(~rij ) = ~λ0i · ~λ0j Vη0 (rij )~σi · ~σj + Vη0
ss

tensor

(rij )Ŝij



.

(2.11)

Chapter 2. Motivation of the GBE constituent quark model
The

λ0i

take the explicit form

r
λ0 =



1 0 0
2

0 1 0 ,
3
0 0 1

λ0 /2 represents the ninth generator of U (3), in addition
SU (3). Thus, the term λ0i λ0j simplies to a factor 32 .

and
of

9

to the eight generators

To complete the potential, one has to dene the radial dependences

0

γ = π, K, η, η .

VγS,T (~rij )

for

If one assumes that the boson elds fulll a linear Klein-Gordon

equation, and that both the bosons and the constituent quarks can be treated as
point-like particles, the radial dependence in non-relativistic derivation is found to
be



−µγ rij
gγ2
1
2e
=
µγ
− 4πδ(~rij )
4π 12mi mj
rij

 −µγ rij
gγ2
1
3
3
e
T
2
Vγ (~rij ) =
µγ
+
+
1
.
4π 12mi mj
(µγ rij )2 µγ rij
rij
VγS (~rij )

(2.12)

(2.13)

Once again, these assumptions are not fullled in reality. In particular, all particles involved have a certain structure, and the elds fulll a linear equation only for
large radii. Consequently, the radial dependence has to be modied from (2.12) and
(2.13) to reect this dierent short-range behavior. This can be achieved by smearing
out the contact interaction, represented by the

δ -function in the spin-spin part of the

potential, for example like:

4πδ(~rij ) ≈ Λ2γ
In this Yukawa-type smearing, the

Λγ

e−Λγ rij
.
rij

(2.14)

represent the individual extensions of the ex-

changed mesons and should be expected to be somehow related to the mass of the
exchange particles. Even without the physical motivations mentioned, the
would have to be regularized, as an attractive

δ -function

δ -function

interaction inevitably leads

to a three-particle spectrum which is not bounded from below.

2.4.2 The momentum space representation and its consequences
The momentum space representation

Vγ (~q) ≈ (~σi · ~q)(~σj · ~q)(~λFi · ~λFj )Dγ (q 2 )Fγ2 (q 2 )

(2.15)

of the potential can give us an even better understanding of its specic form. In this
representation,

Dγ (q 2 )

is the dressed Green's function for the chiral eld, including

fermion loops as well as nonlinear terms of the chiral Lagrangian, and

Fγ2 (q 2 ) denotes

a meson-quark form factor describing the internal structure and the extension of the
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quasi-particles. For large distances and thus small momenta (i.e. in the limit
the potential

Vγ (~q)

tends toward zero, because both

q→0

Dγ (q 2 ) −−→ −

q2

2

Dγ (q )

~q → 0),

2 2
and Fγ (q ) stay nite:

1
+ µ2γ

q→0

Fγ2 (q 2 ) −−→ 1 .
This relation

Vγ (~q = 0) = 0

in momentum space corresponds to the volume integral

in conguration space, which is the Laplace transform of

Z

Vγ (~q)

(and vice versa):

d3 re−~rq~Vγ (~r) .

Vγ (~q) = Lr [Vγ (~r)](~q) =
R3
So for

~q = 0

this has the consequence that for the pseudoscalar meson exchange the

volume integral has to vanish

Z

d3 rVγ (~r) = 0 .

(2.16)

R3
The tensor part

~λF · ~λF V
i
j

tensor

(rij )Ŝij

of the pseudoscalar potential (2.8) automati-

cally fullls this relation due to the angular dependence of the tensor operator, which
essentially behaves like an anti-symmetric function under the integral.
−µ r
2 e γ ij
In the spin-spin part (2.12) of the potential the Yukawa term µγ
and the
rij

δ -function 4πδ(~rij )

(or its smeared out equivalent) have opposite signs and the same

volume integral of

1.

Consequently they cancel each other and the volume integral

condition (2.16) is also fullled by the spin-spin part. At large distances, the Yukawa
term dominates over the smeared out

δ -function,

but for small values of

r

the latter

has to contribute a very strong short-range term to compensate for the heavy Yukawa
tail. It is this short-range potential that is most important for the baryon spectra,
and therefore the type of smearing has to be chosen very carefully.

In all GBE

constituent quark models, the smearing will be realized by Yukawa-type forms, which
in the momentum-space representation correspond to meson-constituent quark form
factors



2

Fγ (q ) =
where the exponent

v

is either

1
or
2

1.

Λ2γ − µ2γ
Λ2γ + ~q2

v
,

This exponent in some sense measures the

regularity of the potential at small distances, as the form factor tends to zero for
large

Λγ

~q

(and thus small

~r)

like

~q−v .

The specic choice of the smearing parameters

is up to the model, and may vary from a linear dependence on the meson masses

to a completely free t of the value to the experimental spectrum.
One also has to notice the

1
singularity at
3
rij

r = 0

of the pseudoscalar Goldstone-boson-exchange potential.

in the tensor term (2.13)
This singularity can be

weakened, and even regularized if one takes into account the nite extension of the
constituent quarks and the exchange mesons.

However, even then the use of only
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pseudoscalar Goldstone-boson exchange, in particular the tensor part of the mesonexchange potential, causes too large spin-orbit splittings in the low-lying negativeparity multiplets.

2.4.3 Level orderings of the excited baryon states
As a nal physical motivation, before we present the rst parameterizations of GBE
constituent quark models, we now take a look at the implications by pseudoscalar
Goldstone-boson exchange for the baryon spectra, and in particular for the level orderings of the rst excitations in the light and strange baryons. Traditionally, CQMs
like the One-Gluon-Exchange (OGE) model were unable to obtain a

N

excitation

spectrum where the rst positive-parity excitation lies below the rst negative-parity
excitation as it is observed in experiment. E.g., the lowest positive-parity excitation

N (1440) should be below the lowest negative-parity
the ∆(1600) should be below the ∆(1620).

excitations

N (1535) − N (1520),

As we will see in this section, the specic choice of the potential in the GBE
model is nally able to produce spectra which display the correct
in

 level orderings
the baryon excitations.

It will become clear that the

(~σi · ~σj ) ~λFi · ~λFj

structure

together with the sign of the short-range part in the spin-spin term of the GBE
potential is most appropriate to describe the correct level ordering and thus produce
adequate spectra for all light and strange baryons. To show this, we have to evaluate
the spin-avor matrix elements of the pseudoscalar meson-exchange interaction, and
there only the matrix elements of the spin-spin component of the pseudoscalar octet
exchange potential at small distances, where the Yukawa term prevails over all other
contributions.

(i, j) of constituent quarks can either be symmetric in its spin-components
([2]S in Young pattern notation) or antisymmetric ([11]S ). Likewise, for the avor
component one can construct symmetric ([2]F ) or antisymmetric ([11]F ) states. Thus,
A pair

one has a combined number of four dierent spin-avor symmetry states. If we now
also consider the

SU (3)F -symmetric

limit, where all contributions of the various

S
S
S
exchange particles are equal in the spin-spin part of the potential (Vπ = VK = Vη =
V S )1 , the spin-avor matrix elements of the spin-spin part of the pseudoscalar octet
potential for these four possible states become

4
+ V S (~rij )
3
+8V S (~rij )
S

−4V (~rij )
8
− V S (~rij )
3
1 As

for

[2]F [2]S ,

(2.17a)

for

[11]F [11]S ,

(2.17b)

for

[2]F [11]S ,

(2.17c)

for

[11]F [2]S .

(2.17d)

we have argued before, the contributions are certainly not equal. However, here we only
use hand-waiving arguments for our "proof" where small deviations from this assumption are not
important. Therefore we might safely assume this equality here to make our point clearer.
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One has to notice the opposite sign of the matrix element for the two totally
symmetric states and the two totally antisymmetric states, so at short distances,
where the contact interaction dominates, the attracting congurations are the two

[2]F [2]S and [11]F [11]S , while the two avor-spin anti[11]F [2]S and [2]F [11]S are repulsive at short distances. Another

avor-spin symmetric states
symmetric states

thing to notice is that the absolute value of the matrix element is much larger for
the two spin-antisymmetric states.

One may now ask how this dierent behavior

inuences the spectra, and in how far one can adjust the level ordering by tweaking
the parameters of the potential.

N (939) and its rst positive-parity
congurations ([2]S [2]F and [11]S [11]F ) dom-

It turns out that in the nucleon ground state
excitation

N (1440)

the two attractive

inate because these nucleon states are mainly totally spin-avor symmetric.
contrast, the rst negative-parity excitations

N (1535) − N (1520)

are mainly in a

avor-spin mixed symmetric state and thus the repulsive congurations

[11]F [2]S

[2]F [11]S

and

prevail. By choosing appropriate parameter values for the eective poten-

tial, one might thus be able to shift the rst two positive-parity states

N (1440)

In

N (939)

and

below the rst negative parity states and so achieve the experimentally

observed level ordering in the nucleon spectrum.

∆

For similar reasons it should be possible to adjust the level ordering in the
spectrum, too:

∆(1600)

The ground state

∆(1232)

and the rst positive-parity excitation

are predominantly in a totally symmetric avor-spin state, and thus again

[11]F [11]S

occur, shifting the states to lower

energies. In turn, the lowest negative-parity state

∆(1620) is dominated by avor-spin

the two attractive states

[2]F [2]S

and

mixed-symmetric states, so the two antisymmetric and thus repulsive congurations

[11]F [2]S

and

[2]F [11]S

appear, shifting the state to higher energies. Again, it might

be possible to use this phenomenon to create the correct level ordering in the

∆-

spectrum in accordance with the phenomenological spectrum. While for the nucleon
this can be achieved in the GBE constituent quark model, in our ts we were not
able to produce the correct level ordering in the

∆ spectrum, although our theoretical

results are still within the experimental error bounds for the observed states.
The level ordering of the
excitation

Λ(1405)

Λ baryon is more involved,

as the lowest negative-parity

does not only include octet states, but also avor-singlet states,

which are inuenced dierently from the octet states by a avor-dependent interaction. This has the pleasant eect that the rst positive-parity excitation
not shifted below the lowest negative-parity states

Λ(1405) and Λ(1520).

Λ(1600)

is

Already the

rst GBE constituent quark models could produce the correct level ordering for the

Λ

baryon.
For a more more detailed discussion of this level shifting due to symmetry con-

siderations, see section 6 of the article of Glozman and Riska [GR96].
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In this section, I will review the past development of the GBE constituent quark
models. First I will briey describe the non-relativistic model of Glozman, Papp, and
Plessas published in [GPP96], which used only four free parameters, but had several
other shortcomings besides adhering to a non-relativistic form of the kinetic-energy
operator.

Later on it was modied to a rst semi-relativistic model by Glozman,

+
Papp, Plessas, Varga, and Wagenbrunn in [GPP 98] and [GPVW98], including only
the spin-spin components of the pseudoscalar Goldstone-boson-exchange potential.
The tensor-force components were subsequently included in [WPGV99a], and also
multiple Goldstone-boson exchange in the form of scalar and vector mesons was
investigated at about the same time [WPGV99b].

Finally, I will describe the ex-

tended GBE constituent quark model, which was published in a preliminary version
in [WGPV00b] and [WGPV00a].

Therein almost all possible force components of

the pseudoscalar, vector and scalar meson exchanges were considered, only spin-orbit
forces and the central components of the octet vector-meson exchanges were left out.

13

Chapter 3. Goldstone-boson-exchange CQMs

14

It also provides the basis for the investigations in this work. The addition of spinorbit force components was the aim of the diploma thesis by K. Glantschnig [Gla02],
and will not be further considered here.

3.1 The non-relativistic model of Glozman, Papp,
and Plessas (GPP)
The rst model providing a parametrization of GBE dynamics was published by Glozman, Papp, and Plessas [GPP96]. It was constructed essentially in a non-relativistic
framework.

The Hamiltonian was taken in the general form as given in equations

(2.1) and (2.2), however, one neglected all tensor components in the octet and singlet
exchange potentials (2.10) and (2.11). This was justied by the small ne-structure
splittings observed in the

LS -multiplets.

Due to that one assumed that the tensor

components could only play a minor role in the description of the light and strange
baryon spectra.
The smearing of the

δ -function

in the short-range term of the spatial parts of the

meson-exchange potentials (2.12) was chosen in the form of a Gaussian with a width

α

and a shift

r0

from the origin:

4
2
2
4πδ(~rij ) 7→ √ α3 e−α (r−r0 ) .
π
The Yukawa part of the GBE was cut o for distances

r < r0 .

(3.1)

Since

r0

can be related

to the size of the exchanged mesons and the size of the constituent quarks, this cut-o
simply means that below the size of the particles involved in the exchange, there is
no chiral boson-exchange interaction and the QCD degrees of freedom prevailing in
the domain are not considered. Dierent from what Glozman and Riska had used in
[GR96], the connement was taken as a linear potential with the strength

C

as a free

parameter:

V

conf

(~rij ) = Crij .

(3.2)

This parametrization involves a set of parameters, many of which can be taken
as their phenomenological values.

For the meson masses in the radial parts (2.12)

and (2.13) of the potential the corresponding physical masses

494

MeV,

µη = 547

MeV,

µK =

µη0 = 958 MeV were assumed. Similarly the values
masses mu,d = 340 MeV and ms = 440 MeV were chosen

MeV and

for the constituent quark
as suggested.

µπ = 139

In the work by Glozman, Papp, and Plessas, only the light baryons

(which do not include strange constituent quarks) were considered, so there are no K
g2
2
exchanges. The meson-quark coupling constant g8 of the octet was taken as 8 = 0.67
4π
like the phenomenological pion-nucleon coupling suggests. For the coupling constant

g02

of the avor-singlet

η0

no such phenomenological value exists, so it had to be taken

as a free parameter. All in all, the model had four free parameters which were tted
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N

and

∆
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spectra:

r0 = 0.43

fm,

α = 2.91

fm

−1

(g0 /g8 )2 = 1.8,

,

δ -function

The approach of replacing the

C = 0.474

fm

−2

.

in the contact interaction by a Gaus-

sian of the form as in equation (3.1) has the disadvantage that the volume integral
condition (2.16) is not fullled by the exchange potential.

+
This deciency was cured in [GPP 97], where one used the same force components
but adhered to a dierent type of smearing, namely a Yukawa-like smearing with

Λγ

being a cut-o parameter depending on the type of exchange particle. In a sense it
describes the extension of the meson-quark interaction vertex:

4πδ(~rij ) 7→ Λ2γ
The dependence of the cut-o parameters

e−Λγ rij
.
rij

Λγ

(3.3)

on the mesons masses was chosen as a

linear scaling

Λγ = Λ0 + κµγ .
In eect two free parameters
and the width

α

Λ0

and

κ

(3.4)

were introduced instead of the cut-o

in the smearing (3.1) above.

r0

In this model also strange baryons

were considered and the meson-quark coupling strengths were all regarded as free
parameters. So in addition to the seven a-priori xed parameters, the model has ve
free parameters (a sixth parameter is the constant

V0

in the connement potential

which is only used to shift the whole spectrum so that the nucleon ground state
becomes

939

MeV):
Fixed parameters (physical or phenomenological values)

mu = md = 340 MeV
ms = 500 MeV

µπ = 139 MeV
µη = 547 MeV

µK = 494
µη0 = 958

MeV
MeV

Free parameters (tted to the experimental spectra)
 2
g82
g0
= 1.24
= 2.23
C = 0.77 fm−2
4π
g8
Λ0 = 5.82 fm−1
κ = 1.34
V0 = −112 MeV
Although the model could already produce the baryon spectra rather well - especially, it was able to show the correct level ordering in the lowest positive- and
negative-parity states of the nucleon and the

∆

as well as in the

Λ

baryon, it still

suered from several problems, mainly the non-relativistic treatment of the kinetic
energy.

3.2 The semi-relativistic GBE constituent quark model
Although the non-relativistic GBE CQM was able to cure some long-standing problems in the eective description of baryon spectra, the shortcomings mentioned
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+
above motivated Glozman, Papp, Plessas, Varga and Wagenbrunn ([GPP 98] and
[GPVW98]) to propose a semi-relativistic version of the GBE constituent quark
model. Its Hamiltonian has the form

3 q
3
X
X
2
2
p~i + mi +
(V0 + Crij + Vχ (~rij )) ,
H=

(3.5)

i<j=1

i=1

where now the relativistic form of the kinetic-energy operator is used. The assumption
of a relativistic kinetic energy, however, is only part of a fully relativistic treatment.
Since the Q-Q interaction is still non-relativistic the model was called semi-relativistic.
Like in the non-relativistic case, the tensor-components are left out, and only the
spin-spin components of the radial terms

Vχ (~rij ) are included.

The

δ -functions in the

contact interaction terms are also replaced by a Yukawa-type smearing as given in
equation (3.3) with the same linear dependence (3.4) of the cut-o parameters on the
meson masses. The employed form factor is of the form

s
Fγ (q 2 ) =

Λ2γ − µ2γ
,
Λ2γ + ~q2

so the complete radial dependence of the spin-spin component reads

gγ2
1
Vγ (~rij ) =
4π 12mi mj



e−µγ rij
µ2γ
rij

−

e−Λγ rij
Λ2γ
rij



This model needs 4 free t parameters (and the over-all shift

.
V0

(3.6)

as a fth param-

eter) and several a-priori xed parameters like the meson and quark masses as well
as the octet coupling constant:

Fixed parameters (physical or phenomenological values)

mu = md = 340 MeV
ms = 500 MeV
g82 /4π = 0.67

µπ = 139 MeV
µη = 547 MeV

µK = 494
µη0 = 958

MeV
MeV

Free parameters (tted to the experimental spectra)
 2
g0
= 1.34
Λ0 = 2.87 fm−1
κ = 0.81
g8
−2
V0 = −416 MeV
C = 2.33 fm
This type of GBE CQM was able to produce the baryon spectra to a satisfying
degree (see gure 3.1 for the predicted spectrum), e.g.

the correct level orderings
1

N , Λ and Σ spectra were obtained in contrast to other models ; also the ∆,
∗
Σ and Ξ∗ ground states practically fall inside their very tight experimental error
1+
bounds. The
Roper resonance N (1440) is shifted well below the two degenerate
2

in the

1 See

[GPP+ 98] for a comparison of the GBE model with the model proposed by Valcarce,
González, Fernández, and Vento and the model proposed by Dziembowski, Fabre and Miller.
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The predicted spectrum in the rst semi-relativistic version of the GBE CQM
[GPP 98, GPVW98] matches the experimental data quite well. In particular, the correct
level ordering in the nucleon, Λ, Σ and Ξ spectra is reproduced, and most of the ground
states fall within the experimental error bounds
Figure 3.1:
+

Chapter 3. Goldstone-boson-exchange CQMs
negative-parity

1−
3−
and
states
2
2

N (1535)

and

N (1520)
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which form an

LS -doublet,

and the correct level ordering can also be observed in the Λ and Σ spectra. In the
−
−
Λ spectrum, the two negative-parity 12 and 32 states, correctly remain the lowest
+
excitations in the spectrum. In their papers [GPP 98] and [GPVW98] the authors
showed that in this case no level crossing appears with increasing coupling strength
g82
. On the other hand, from the level crossings occurring in the N spectrum one
4π
learns that the correct choice of this coupling constant is of vital importance for the
description of the right level orderings.
However, the avor singlet

Λ(1405),

which is the rst negative-parity state in the

Lambda spectrum, could not be reproduced to a satisfying degree.

Very probably

Fock components higher than the QQQ components play a major role in this state
and they are not yet included in the model. This represents a persisting problem,
which is common to all constituent models.
The semi-relativistic GBE CQM also faces the problem that in the

∆ spectrum the

level structure as suggested by experimental data is not reproduced. In particular,
1−
3−
3+
excitation ∆(1600) lies above the
and
states
the lowest positive-parity
2
2
2

∆(1620)

and

∆(1700)

and thus also above the experimental data.

One has to notice that the choice of parameters given above is not unique. For
instance, if one changes some of the xed parameters slightly, the free parameters can
be re-adjusted so as to produce a spectrum that matches the experimental data in a
similar manner. Even if one of the free parameters is taken as xed to a certain value,
in many cases the remaining free parameters can be chosen so that the spectrum looks
like the one shown in gure 3.1. This clearly indicates that the baryon spectra alone
simply do not determine the eective Goldstone-boson-exchange potential uniquely.

3.3 The extended GBE CQM model
The models presented so far, have neglected all tensor components in the GBE potentials (2.10) and (2.11).
hyperne splitting of the

These tensor-force components are responsible for the

LS -multiplets in the baryon spectra, which were degenerate

in the results above. Since these splittings are quite small, it was argued that the
tensor components give only small contributions to the whole baryon spectrum.
Studies of the Pavia group suggested [BDRW99] that forces other than the spinspin components of the pseudoscalar exchange needed to be included to fully describe
contributions also from two-body electromagnetic current operators. Subsequently,
the tensor-force component has been included into the calculations in [WPGV99a],
where it became clear that the tensor force of the pseudoscalar meson-exchange potential is much too strong to yield an acceptable spectrum for the baryons. It turned
out that one has to consider also multiple Goldstone-boson exchange to cure this
problem. The exchange of two Goldstone bosons can eectively be described as the
exchange of a

ρ, σ ,

or

K∗

meson, and a three Goldstone-boson exchange can be

modeled as the exchange of an

ω

or

φ.

So to extend the GBE model, in addition

Chapter 3. Goldstone-boson-exchange CQMs
to the pseudoscalar exchange mesons
change of vector mesons

∗

(ρ, ω, K , φ)

(π, K, η, η 0 ),
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one also has to include the ex-

(σ, κ, a0 , f0 ).

and scalar mesons

One then nds

that the eects of these additional exchanges almost cancel the tensor-force components of the pseudoscalar meson exchange, and the hyperne level splitting goes
back to an acceptable magnitude, where for example the

N (1650) − N (1700) − N (1675)

N (1535) − N (1520) and the

are almost degenerate.

A preliminary parametrization of this extended GBE constituent quark model,
including all possible force-components (except the spin-orbit forces and the central
components of the octet vector-meson exchanges) of the pseudoscalar, vector, and
scalar meson exchange, was given in [WGPV00a] and [WGPV00b] by Wagenbrunn,
Glozman, Plessas, and Varga. The neglected spin-orbit forces would only contribute
very little to the spectrum, as the eects coming from the dierent types of exchanges
practically cancel each other. This is also supported by a work of Riska and Brown
[RB99] studying the two-pion exchange between constituent quarks.

Nevertheless,

the inclusion of the spin-orbit forces will be done among the items of the diploma
thesis of K. Glantschnig [Gla02].
The extended GBE of [WGPV00a] model is based on a semi-relativistic Hamiltonian of the form

3 q
X
X
p~2i + m2i +
(Vχ (~rij ) + V
H=

conf

(~rij )) .

(3.7)

i<j

i=1

Instead of a linear connement a dierent type was used, which behaves linearly
below a certain threshold

V

conf

r0

and is constant above:

(~rij ) = V0 + Cr0 (1 − e−rij /r0 ) ≈

For the smearing of the

δ -function

(
V0 + Crij

rij  r0 ,

(3.8)

V0 + Cr0 = const. rij  r0 .

in the meson-exchange potential the following

Yukawa form was employed

4πδ(~rij ) → µ2γ +

Λγ (Λ2γ − µ2γ )r e−Λγ rij
,
2
rij

γ = π, K, η, η 0 , ρ, σ, K ∗ , ω, φ ,

(3.9)

which corresponds to vertex form factors of the type

Λ2γ − µ2γ
F (~q ) = 2
.
Λγ + q 2
2

The cut-o parameters

Λγ

(3.10)

had to be taken dierently for the pseudoscalar and for

the vector and scalar mesons. The dependences on the meson masses are still linear,
but a dierent starting point was used for the two kinds of exchange mesons:
ps

Λγ = Λπ + κ (µγ − µπ ) ,
vect,scal

Λγ

= Λρ + κ (µγ − µρ ) .

(3.11a)
(3.11b)
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Fixed parameters (physical values)

mu = md = 340 MeV
µπ = 139 MeV
µη0 = 958 MeV
µω8 = 869 MeV
g82 /4π = 0.67
2
g8 /4π = 0.026
2
g0 /4π = 2.14
V

V

ms = 500 MeV
C = 2.53 fm−2
µK = 494 MeV
µη = 547 MeV
µρ = 770 MeV
µK ∗ = 892 MeV
µω0 = 947 MeV
µσ = 680 MeV
 2
g0
=1
gσ2 /4π = 0.67
g8
2
g8 /4π = 0.97
2
g0 /4π = 0.11
T

T

Free parameters (tted to the spectrum)

Λπ = 700 MeV
V0 = −419 MeV
Table 3.1:

[WGPV00b]

Λρ = 1200 MeV
r0 = 7 fm

κ = 1.2

Parameters of the extended GBE CQM as published in [WGPV00a] and

In order to take into account that all the exchange particles have dierent masses
and maybe also dierent avor-dependent coupling constants, the complete chiral
interaction constructed from ps + v + s exchange has to be expressed in the form

Vχ (~rij ) =V ps (~rij ) + V v (~rij ) + V s (~rij ) =
=

3
X

(Vπ (~rij ) +

Vρ (~rij )) λai λaj

+

a=1

(VK (~rij ) + VK ∗ (~rij )) λai λaj +

(3.12)

a=4

+ (Vη (~rij ) + Vω8 (~rij )) λ8i λ8j +
where each of the

7
X

Vγ

for

2
(Vη0 (~rij ) + Vω0 (~rij )) + Vσ (~rij )
3

γ = π, ρ, K, K ∗ , η, ω8 , η 0 , ω0 , σ, κ, a0 , f0

can contain central,

spin-spin, tensor as well as spin-orbit forces.
Before giving the exact forms of the potential terms, let us take a quick look at
the results of the parametrization published in [WGPV00a] and [WGPV00b].

All

constituent quark masses as well as all exchange meson masses were taken as their
corresponding physical or phenomenological values. The coupling constants were also
2

derived from phenomenology , and the connement strength C was xed to the value
C = 2.53 fm−2 in accordance with lattice results for the string tension in the quarkantiquark potential.
and

κ)

cut-o

Thus there are only ve free parameters left:

three (Λπ ,

Λρ

for the linear scaling of the cut-o parameters of the contact interaction, the

r0

of the connement, and the over-all shift

V0 .

Their values were determined

by a t to the experimental spectra as given in table 3.1.
The corresponding predicted spectra of the light and strange baryons are shown
in gure 3.2. If one compares this with the results from the semi-relativistic model

2 See,

e.g., section 3.2.6 of [Gla02] for the derivation of the coupling constants
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The predicted spectrum of the preliminary extended GBE model as published in
[WGPV00a]. The correct level ordering of the lowest states is preserved even with the inclusion of all tensor force components and the addition of vector and scalar meson exchanges.
The gray boxes represent the observed values of the baryon states with their uncertainties as
given in [H+ 02].
Figure 3.2:
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(gure 3.1, which neglects all tensor-components and all tensor- and scalar-meson
exchanges, one has to notice that the inclusion of all components present in the GBE
exchange preserves all the features of the previous (pseudoscalar) model, especially
the correct level ordering of the lowest positive- and negative-parity states.
The structure of the pseudoscalar, vector, and scalar components of the Goldstoneboson-exchange potential is exactly the same as for the extended GBE constituent
quark model we shall work on in the present thesis. It will be further elaborated in
the next section. Thus we refrain from a thorough discussion of the components here
and leave that for the next section.
The main aims of our work will be to improve this result by investigating other
possible connement strategies, a dierent set of free parameters, and to investigate
the particular eects of certain parameters (especially the cut-o parameters in the
smearing of the

δ -function).

3.4 The extended GBE CQM used in our calculations
In this work, we shall consider a similar extended GBE constituent model, which
includes all possible components of the pseudoscalar, vector, and scalar exchange,
except the spin-orbit components, and the central component of the octet vector
mesons. The corresponding (semi-relativistic) Hamiltonian thus has the same form
as given in equation (3.7).
The hyperne interaction

Vγ (rij ) in the dynamic part of the Hamiltonian consists

of contributions from each of the three exchange-particle families:

•

The pseudoscalar meson nonet (γ

= π, K , η, η0)

causes spin-spin and tensor

components.

•

The vector meson nonet (γ

= ρ, K ∗ , ω8 , ω0 )

has contributions from all forces

(i.e. central, spin-spin, tensor and spin-orbit forces)

•

The scalar meson singlet

σ

comes only with central and spin-orbit forces.

The expressions for the corresponding potential terms can be found in [PGVW99].

3.4.1 The connement
The connement potential we use is again a linear connement (which is dierent
from the preliminary model of the last section, where the connement was taken as
constant outside a certain range determined by

V

conf

with a string tension

C

state of the spectrum.

r0 )

of the form

(~rij ) = V0 + Crij

and the over-all shift

(3.13)

V0 as free parameters to adjust th ground
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3.4.2 Multiple GBE
Let us rst take a closer look at multiple-GBE and the appearance of vector and
scalar exchange mesons.
Although the rst Goldstone-boson-exchange constituent quark models, which
included only the spin-spin component of the pseudoscalar (π ,

K , η, η0)

mesons,

clearly showed that these components are by far the most important terms to get
the structure of the baryon spectra and already produce the correct level orderings,
the tensor-force components cannot be left out. Unfortunately, their inclusion leads
to a level splitting at variance with the experimental data. The pseudoscalar GBE
constituent quark model thus does not appear to be a complete description of the
GBE dynamics in the light and strange baryons.
important dynamical ingredients.

Very probably it misses further

In its derivation one assumes the exchange of

single Goldstone bosons (independently from each other and only one exchange at a
time). This assumption appears too restrictive and one is tempted to include multiple
Goldstone boson exchanges.
In models of the

N N -interaction,

the same problem has been solved eectively

[Mac89] by the inclusion of vector and scalar meson exchanges to account for the
simultaneous (and possible correlated) exchange of two or more mesons.

It seems

to be quite natural to include also vector and scalar meson exchange in the GBE
constituent quark model to describe multiple GBE.
In the 2

π

exchange, for example, the two simultaneously exchanged pions can

either interact during the exchange or not. If they interact and the
a

P -wave

pair can be in

state. Such an exchange receives the main contribution from the P-wave

resonance and it can be modeled as a
are in an

2π

S -wave state,

ρ-exchange.

If in turn, the two correlated

π 's

Durso et al. [DJV80] showed that one can approximate them

by the exchange of a scalar

σ

meson. Similarly, the correlated

approximated by the exchange of one

ω

3π

exchange can be

meson, and the multiple exchange of the

remaining Goldstone bosons can be treated in an analogous fashion (see gure 2.2).
Thus, the GBE model has to be extended from the exchange of pseudoscalar mesons

K ∗ , ω8 , ω0 ) and the exchange
Although the scalar σ meson is important for N N

to the additional exchange of the vector meson nonet (ρ,
of the scalar mesons

3

(a0 , κ, f0 , σ)

.

dynamics at a medium range, in the description of the baryons it plays only a minor
role. Since the

σ

meson exchange contains only a small spin-orbit component (which

is neglected in this work anyway) and an attractive central potential, it might be
eectively included into the connement potential between the constituent quarks.
The exchange of the vector mesons, however, is of crucial importance to counterbalance the eect of the large spin-orbit splitting introduced by the tensor-component
of the pseudoscalar exchange potential. As we will see, the spin-spin component of
the vector exchange has the same sign as the spin-spin component of the pseudoscalar

3 Of

the scalar mesons we shall only include the σ meson in our calculations, as the other ones
are only needed for the spin-orbit terms.
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exchange, whereas the tensor components are of opposite signs, so they practically
cancel each other. Thus, the inclusion of the vector meson exchange decreases the
large spin-orbit splitting caused by the tensor-component of the pseudoscalar exchange. The coupling of the constituent quarks to the octet vector meson elds
has the form [Glo98]

4

gt
Lv = −g v ψ̄γµ~λF · ψ~v µ +
ψ̄σµν ~λF · ψ∂ ν ~v µ ,
2m
with

gv

and

gt

~v µ

(3.14)

being the vector and tensor coupling constants. If, like in the pseu-

doscalar exchange, one performs a non-relativistic reduction to lowest order, the
vector-meson exchange includes spin-spin, tensor, spin-orbit as well as central force
components between the constituent quarks.
As outlined in [Gla02] and other sources, the pseudoscalar meson-quark vertex
with its

~ structure leads to spin-spin and tensor components for the pseudoscalar
~σ · ∇

exchange of the structure




 



~
~ = 1 (~σi · ~σj ) ∇2 + 1 3 ~σi · ∇
~
~ − (~σi · ~σj ) ∇2 .
~σi · ∇
~σj · ∇
~σj · ∇
3
3
In contrast, the vector-meson exchange has a structure

~ at the vertex, which
~σ × ∇

leads to spin-spin and tensor components for the vector-meson exchange of the form




 



~
~ − (~σi · ~σj ) ∇2 .
~
~ = 2 (~σi · ~σj ) ∇2 − 1 3 ~σi · ∇
~σj · ∇
~σi · ∇
~σj · ∇
3
3

In the pseudoscalar and the vector-meson exchange, the two spin-spin components
thus have the same sign and the spin-spin part of the vector-meson exchange is twice
as large as the one of the pseudoscalar exchange.

On the other hand, the tensor-

components are exactly the same and have opposite sign, so they act against each
other, and the tensor-force contribution to the spectra is small in total. Note, however,
that this is only valid in lowest order. In higher order dierent contributions from
tensor forces can occur which need not cancel each other.

Nevertheless their net

eect should have no great inuence on the baryon spectra. Like in the pseudoscalar
case, the same volume integral condition like equation (2.16) can be deduced for
the vector-meson exchange, so the short-range part of the spin-spin component of
the vector meson exchange can be expected to be similar to the pseudoscalar meson
exchange.
Summarizing, these hand-waving arguments on the eects of the vector meson
exchange, one can expect that the pseudoscalar and vector-meson exchanges produce
similar spin-spin components, while their tensor components more or less cancel, so
the spin-orbit splitting is decreased and this problem of the pseudoscalar model can
be solved by the inclusion of vector exchange mesons.

4 Like

in the pseudoscalar coupling case given in equation (2.7) we will only use a SU (3)F symmetric approximation.
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The vector meson exchange also leads to a spin-orbit force in its exchange potential, but this will be neglected in this work.

3.4.3 The pseudoscalar meson exchange
Although we have already discussed the exchange potential of the pseudoscalar mesons
in great detail in chapter 2, we will quickly repeat the most important facts and equations here to allow an easier comparison to the potentials introduced by the vector
and scalar meson exchange.
The octet of pseudoscalar Goldstone bosons (π ,
tensor components as discussed in section 2.4.1. The

η

K , η)
0

leads to spin-spin and

cannot exactly be considered a

Goldstone boson, which it becomes only beyond the scale of the spontaneously broken
symmetry

SU (3)R × SU (3)L

to

SU (3)V .

Still, we will include it in our considerations

of the pseudoscalar GBE, and so work with the nonet

γ ∈ (π, K, η, η 0 ) of pseudoscalar

exchange mesons.
The structure of the pseudoscalar exchange potential is

Vγ (~rij ) = VγSS (~rij )~σi · ~σj + VγT (~rij ) [3 (r̂ij · ~σi ) (r̂ij · ~σj ) − ~σi · ~σj ] .
where

VγSS

contains the radial dependence of the spin-spin part, and

the radial dependence of the tensor-component.

(3.15)

VγT

describes

These radial dependences can be

written in the form of equations (2.12) and (2.13), if one assumes that the boson
elds fulll a linear Klein-Gordon equation and the involved particles are pointlike.
This assumption cannot be maintained in reality, so the nite extension has to be
accounted for by the inclusion of a form factor for the meson-quark interaction vertex.
We take a monopole-type parametrization of the meson-quark vertex as in equation
(3.10). The cut-o parameters therein will be dierent for dierent particles, although
for all pseudoscalar mesons we employed a linear scaling as given in (3.11). Such a
linear scaling can be justied insofar, as a larger mass of the exchanged mesons should
also lead to a larger cut-o. Otherwise the potential might change sign and become
attractive or repulsive where it should not be so. This type of form factor leads to a
Yukawa-type smearing of the

δ -function

in the spin-spin part.

Using this form factor and the Yukawa-smearing in the spin-spin part, we obtain
the following spatial parts for the pseudoscalar meson-exchange potential:
Spin-spin component:

VγSS (~r)





−µγ r
gγ2
Λγ (Λ2γ − µ2γ )r e−Λγ r
1
2e
2
=
µ
− µγ +
4π 12mi mj γ r
2
r

(3.16)
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Tensor-force component:

VγT (~r)

 
 −µγ r
gγ2
1
3
3
e
2
=
µγ 1 +
+ 2 2
−
4π 12mi mj
µγ r µγ r
r
 −Λγ r

3
e
3
2
− Λγ 1 +
+ 2 2
−
Λγ r Λγ r
r

(Λ2γ − µ2γ )(1 + Λγ r) e−Λγ r
−
.
2
r

The coupling constants

(3.17)

gγ2
can be xed to values deriving from phenomenology
4π

(see section 3.2.6 of [Gla02] for a derivation of the values for the coupling constants).
Of course, one might also take the coupling constants as free parameters, but that
would lead to a model with too many free parameters. So we decided to take wellmotivated xed values for them and to t only the cut-o parameters

Λγ

and the

connement parameters.

3.4.4 The vector mesons
As we have already elaborated above, multiple GBE can be modeled by the exchange
of a meson from the vector nonet

γ ∈ (ρ, K ∗ , ω8 , ω0 ).

The specic coupling of the

vector mesons to the constituent quarks gives rise to all possible force types: spin-spin
forces, tensor forces, spin-orbit forces and central forces. Thus the structure of the
vector exchange potential is

Vγ (~rij ) = VγC (~rij ) + VγSS (~rij )~σi · ~σj +
+ VγT (~rij ) [3 (r̂ij · ~σi ) (r̂ij · ~σj ) − ~σi · ~σj ] +
~ ij · S
~ij .
+ V LS (~rij )L

(3.18)

γ

The radial dependence for the components can be obtained similarly to the pseudoscalar case, with the same form factor and the same type of smearing used.
The central component then has the spatial dependence

VγC (~r)





(Λ2γ − µ2γ )r e−Λγ r
(gγV )2 e−µγ r
− 1+
,
=
4π
r
2Λγ
r

(3.19)

while the spin-spin and the tensor components have the same structure as the pseudoscalar mesons. However, dierent coupling constants need to be chosen, including
both tensor and vector coupling:

Spin-spin potential:

Tensor potential:

gγ2
(gγV + gγT )2
→2
,
4π
4π
gγ2
(gγV + gγT )2
→−
.
4π
4π
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Thus the spin-spin and the vector components of the vector exchange potential
becomes

VγSS (~r)





−µγ r
(gγV + gγT )2
Λγ (Λ2γ − µ2γ )r e−Λγ r
1
2e
2
µ
− µγ +
=2
4π
12mi mj γ r
2
r

VγT (~r)

 
 −µγ r
(gγV + gγT )2
1
3
3
e
2
=−
µγ 1 +
+ 2 2
−
4π
12mi mj
µγ r µγ r
r

 −Λγ r
e
3
3
2
−Λγ 1 +
+ 2 2
−
Λγ r Λγ r
r

(Λ2γ − µ2γ )(1 + Λγ r) e−Λγ r
−
.
2
r

(3.20)

(3.21)

Finally, the spin-orbit spatial component of the vector meson potential has the
form

VγLS (~r)

(gγV )2
=−
4π

gγT
3+4 V
gγ

!

 
 −µγ r
1
1
1
e
3
µγ
+ 3 3
−
2
2
2mi mj
µγ r
µγ t
r

 −Λγ r

Λ2γ − µ2γ e−Λγ r
1
1
e
3
−Λγ
+
−
.
Λ2γ r2 Λ3γ r3
r
2r
r

(3.22)

Although this spin-orbit force appears in this derivation, we will neglect it due to its
small contributions.

3.4.5 The scalar mesons
The scalar

σ , κ, a0

and

f0

mesons induce only central and spin-orbit forces, both of

which have the same form as with vector meson exchange.

~ ij · S
~ij
Vγ (~rij ) = VγC (~rij ) + VγLS (~rij )L




(Λ2γ − µ2γ )r e−Λγ r
gσ2 e−µγ r
=−
− 1+
,
4π
r
2Λγ
r
 
 −µγ r
gσ2
1
1
1
e
LS
3
Vγ (~r) = −
µγ
+
−
4π 2mi mj
µ2γ r2 µ3γ t3
r

 −Λγ r

Λ2γ − µ2γ e−Λγ r
1
1
e
3
−Λγ
+
−
.
Λ2γ r2 Λ3γ r3
r
2r
r
VγC (~r)

(3.23)

(3.24)

(3.25)

For the scalar mesons the coupling constants in equations (3.19) and (3.22) have to
be replaced by :
Central force:

Spin-orbit force:

(gγV )2
g2
→− σ
4π
4π !
V 2
(gγ )
gγT
g2
3+4 V → σ
4π
gγ
4π
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Again, we will neglect the spin-orbit forces, and only include the central-force
component, which might even eectively be included in the connement, and one
could work without scalar-meson exchange altogether.
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4.1 Introduction to the stochastic variation
In our calculations of the quantum-mechanical energy eigenstates of the GBE CQM
discussed in the previous chapters, we will employ a variational method, which is
based on the famous Ritz theorem:

For an arbitrary function Ψ of a Hilbert space H
(the state space) the expectation value E(Ψ) of a Hamilton operator H in the state Ψ
is such that
Theorem 4.1 (Ritz Theorem).

E(Ψ) =

hΨ|H|Ψi
≥ E0 ,
hΨ|Ψi

where equality holds i Ψ is an eigenstate of H with eigenvalue E0 . The constant E0
in this inequality denotes the energy of the ground state of the Hamiltonian H .
In other words, this theorem states that whatever wave function we use to calculate the energy (eigenvalue of the Hamiltonian), we will always stay above the
ground state energy. Thus, we can take any arbitrary function, calculate the expectation value and so get an upper bound for the ground state energy, no matter how
diligent or careless we choose our parameters and basis functions. Of course, the better the wave function (i.e. the better it approximates the ground state eigenfunction
of the Hamiltonian), the better our bound will be.

29
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Since we are working in a Hilbert space, any function

Ψ can be written as a linear

combination of basis functions

Ψ=

X

ci ψi .

(4.1)

Unfortunately, we are dealing with innite-dimensional Hilbert spaces, so we need to
choose the most important basis functions beforehand and approximate the function

A = {ci , i = 1, . . . N }, by a linear combination
PN
of these basis functions Ψ(A) =
i=1 ci ψαi . We are now searching for the the best
parameter set Ã, i.e. the parameter set A for which the expectation value EK,1 =
hΨ(Ã) |H| Ψ(Ã)i is minimized.
Ψ,

represented by a coecient set

4.2 Motivation and basics
Naïvely looking at our ansatz for the wave function, one would expect that the

ψi

parameters for the basis functions
the coecients

ci

are chosen prior to the calculation and then

are determined in a way to minimize the total energy. Once the

basis functions are chosen by some arbitrary selection algorithm (probably not even
depending on the Hamiltonian), the best, i.e. lowest, upper bound for the energy is
the lowest eigenvalue

E0N

of the eigenvalue problem

N
X

hψi |H|ψj icj = EN

j=1

N
X

hψi |ψj i .

(4.2)

j=1

One cannot expect to calculate the exact ground state, because by taking only a
nite number of basis functions, this optimization is done only in a subspace of our
Hilbert space

H.

To be more concise, I will use the following notation in the sequel:

Hij = hψi |H|ψj i ,
The matrices

Hij

and

Bij

Bij = hψi |ψj i .
N ×N

are both

matrices and can be computed once the

basis functions are selected. The best estimate for the energy, and the coecients

ci

can now be calculated as the eigenvalues and eigenfunctions of the generalized

eigenvalue problem:

N
X
j=1

Hij cj = EN

N
X

Bij cj

or

H · c = EN B · c .

(4.3)

j=1

By using an orthogonal set of basis functions, the eigenvalue problem simplies to a
standard eigenvalue problem, since

Bij = δij ,

and can be treated with linear algebra

methods to nd an accurate numerical solution. In our programs, the diagonalization
itself is done by the numerical functions provided by the NAG library.
For the ground state energy we would only need the lowest eigenvalue, but we can
also use the higher eigenvalues as bounds for the higher excitations in the spectrum.
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This second theorem on which we base our work, generally known as the Mini-Max
Theorem, makes a statement for the higher eigenvalues of our Hamiltonian

H

similar

to what the Ritz-theorem says about the ground state energy:

Let H be an Hermitian operator with discrete eigenvalues E1 ≤ E2 ≤ . . . . Let ε1 ≤ ε2 ≤ · · · ≤ εK be the eigenvalues
of H restricted to the subspace VK of a linearly independent set of K functions
Ψ(α1 ), . . . , Ψ(αK ). Then
Theorem 4.2 (Mini-Max Theorem).

E1 ≤ ε1 , E2 ≤ ε2 , . . . EK ≤ εK .
This theorem simply says that if we do our optimization only in a space with a
nite number of basis states (i.e. the wave functions are only a linear combination
of a nite number of preselected basis functions), the
eigenvalue problem is an upper bound for the exact

i-th
i-th

eigenvalue of this nite
eigenvalue.

So if we do

a complete diagonalization of the eigenvalue problem, we automatically get upper
estimates for the higher excitations of the baryons.
Again, intuitively it should be clear that the more basis functions we use, the
better our bounds will be.

This is also the statement of a further theorem that

quanties the change in the energy eigenvalues by adding more basis functions to our
system. It states that by adding an additional linearly independent (if the new basis
function is linearly dependent on the ones already included, of course, we cannot gain
anything) basis function

Ψ(αK+1 ),

all eigenvalues improve and keep their order:

ε01 ≤ ε1 ≤ ε02 ≤ ε2 ≤ · · · ≤ ε0K ≤ εK ≤ ε0K+1 ,

(4.4)

εi are the eigenvalues with K basis functions and the ε0i denote the eigenwith K + 1 basis functions (where the rst K basis functions coincide).

where the
values

The eigenvalue problem (4.3) can be further simplied, if one notices that for
eigenstates of operators that commute with the Hamiltonian, the matrix elements

Hij

of the Hamilton operator between states with dierent quantum numbers (eigen-

Bij between such
matrices H and B, so the

values of the commuting operators) vanish, just like the overlaps
states do. This causes a block structure to appear in the

problem decomposes into an eigenvalue subproblem for each set of quantum numbers.
Consequently, the problem can be solved for each set of dierent quantum (e.g. the
+
−
1−
), N ( 12 ), N ( 32 ), etc.) numbers separately.
states N (
2
Combining all these motivations, the lowest eigenvalue of (4.2) is a bound for the
ground state energy, and the remaining

(N − 1)

eigenvalues can be used as upper

bounds (and if one takes enough basis functions, even as estimates with a small

(N − 1) excited states of the Hamiltonian.
functions for the ground and the N − 1 lowest

positive bias) for the energies of the lowest
Consequently, the variational wave
excited states can be written as

Ψn =

N
X
i=1

cn,i ψi ,

(n = 1, . . . , N )

(4.5)
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(cn,1 , . . . , cn,N )

of equation (4.2), which are normalized with

Bij :
N
X

cn,i Bij cn,j = 1 .

(4.6)

i,j=1
One has to notice that we minimize the energy in this problem, and as a byproduct get the wave functions for the ground and excited states of the baryons. The
quality of these wave functions, however, might not be optimal, since the errors are
quadratic in the wave functions, but only linear in the energies.
If one solves the eigenvalue problem for a xed set of basis functions, and then
wants to improve the result, one can always add as many additional basis function
as necessary to obtain a required accuracy. The time to solve the eigenvalue problem
using an extended set of states from a complete set of basis functions in a Hilbert
space, however, grows dramatically, and furthermore numerical instabilities arise,
what poses limitations in practice.

4.3 The stochastic variational method
As one might imagine, xing the basis functions in advance and independent of the
specic problem is inferior to the use of basis functions that are chosen specically for
a particular Hamiltonian. However, the problem of nding for a xed
set of basis functions from the Hilbert space
does not even have a unique solution.

H

N

the optimal

is certainly not a trivial task, and

Thus, we will apply a variational method,

which adds one (more or less optimal) basis function at a time, and so builds a welloptimized set of basis functions. This approach turned out to avoid even the problem
of being trapped in one of the possibly many local minima of the potential.
The so-called "stochastic variational method" (SVM) we will use here was introduced by Kukulin and Krasnopolsky [KK77] and further elaborated by Suzuki and
Varga and is described in great detail in their book [SV98]. Thus I just want to give
a brief outline of this method here.
Instead of xing a number of basis functions beforehand, one tries to keep the
set of basis functions (each characterized by a certain parameter set

αi

as described

in the next chapter) as small as possible, and instead optimizes the choice of the
parameter sets of the basis functions

ψi = ψαi .

(4.7)

By this approach, one extends the problem of minimizing the energies from nding
optimal values for the linear parameters
set

A

(c1 , . . . , cN ) to the problem of optimizing the

of linear parameters as well as the parameters of the basis functions

A = {(ci , αi ), i = 1, . . . , N } .

(4.8)
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Depending on the exact structure of the basis functions (in our case generalized
Gaussians and spherical harmonics for the spatial part and spinors and avor wave
functions for the remaining part, as we will elaborate in chapter 5), the parameters

αi

will probably not enter the problem in a linear manner, so we call them the non-linear
parameters of the optimization problem.

This additional choice of the parameter

sets glows up the whole problem to a point where conventional exact optimization
methods can no longer be applied (e.g.

if one takes only 30 basis function  a

number which is certainly too low to get an acceptable result  one has to do a nonlinear optimization over

420

variables, because the wave functions contain 11 non-

linear parameters as elaborated in the next chapter. Due to the high computational
eort for each evaluation, this is simply not treatable with conventional methods.).
Also, the parameter sets

αi

will contain discrete parameters like quantum numbers

of subsystems of few-body systems.
A feasible approach to this problem is to choose the parameter sets of the basis
functions randomly, and use the best basis functions one can nd this way. This is
the basic point of the SVM.
We should mention, that it is not only the stochastic variational method, but also
the special choice of correlated Gaussians for the wave functions that account for
the good performance of this method. They seem to be particularly suited for the
description of the correlations of the particles of few-body problems, and additionally
carry the advantage that the matrix elements can be calculated exactly for most
cases. This further increases accuracy and reduces calculation time on the computer.
We will discuss the exact forms of the wave functions in the next chapter 5.
The random selection of the basis states is now implemented stepwise, meaning
that we add one linearly independent basis function at a time to the existing preliminary basis, that minimizes the energy most. We must start o from a basis containing
at least one basis function, which we create in a straightforward manner: We generate

of them calculate the Matrix element

try

αi for a basis function, and for each
0
Ei = ψ(αi ) |H| ψ(αi ) of the Hamiltonian

randomly a number of possible parameter sets

try

try

for the corresponding normalized basis functions. As we have to minimize this energy,
we select the parameter set which gives the lowest energy, i.e. fullls
try

try

hψ(α0 ) |H| ψ(α0 )i = min ψ(αi ) |H| ψ(αi ) ,
i

as the rst basis function

(4.9)

ψ(α0 ).

Starting from this set of one basis function, we perform the following steps to
add one additional basis function after the other, until our result reaches the desired
accuracy:
1. In every step

k

(i.e. our existing basis has already

generates a random set of

N

parameter sets

try

αi

.

k

selected basis states), one
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2. For each of these parameter sets, one adds the corresponding basis function to
the

k

existing basis functions and calculates the energy by rst calculating the

matrix elements with this new function (the matrix elements that involve only
the

k

already existing basis functions are stored and need not be recalculated)

and then diagonalizing this matrix as described below. This procedure yields
eigenvalues
try

αi

1

try

Ek+1,n (αi )

for

n = 1, . . . , k + 1

for each trial set of parameters

.

3. From this set of new parameters, one chooses that parameter set and adds it
as the

(k + 1)-st

basis function which maximizes the improvement in a certain

sense. When one is interested mainly in the ground state energy, it is best to
consider just the improvement gained for the ground state, i.e. to select as new
basis state

ψαj

the one with
try

Ek+1,1 (αj ) = min Ek+1,1 (αi ) .
i

4. The previous two steps are repeated until the improvement of the latest
added wave functions falls below a certain threshold.

m

m

should be chosen not

too small, otherwise statistical uctuations can cause the algorithm to stop
before the lowest possible state is actually reached.
The algorithm described above minimizes only the ground state energy, but not
necessarily the higher excitations. According to the theorems given above, the higher
excitations will not get worse by the selection method used in step 3, but nothing
guarantees that the basis functions are chosen such that the upper bounds to the
higher excitation energies are really tight bounds.
So, if also the excited states are of importance, it is better to modify the selection
step above to use the parameter set which maximizes a linear combination of the
improvements including the

n

lowest eigenvalues

n
X

wk (Ek,l − Ek+1,l (αj )) ,

l=1
where the weights

wk

represent the importance one puts on the

k -th

eigenvalue.

Note also, that the last theorem mentioned above ensures that each term in the
selection strategies above is positive and so in every step all the energies are improved.
The selection method just determines which ones are improved most, the simplest

w0 = 1, wi = 0
i = 0, 1, . . . , which

approaches being
or

wi = 1

for

important.

1E

for

i>0

(this is just the ground state energy)

means that all excitations are taken as equally

In reality, one will weight the ground state as most important, and

try

) denotes the n-th eigenvalue of the Hamiltonian using (k + 1) basis functions, where
the last basis function is determined by the parameter set αitry .
k+1,n (αi
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assign lower weights to the rst few excitation, while the higher excitation are not so
important

2

and can be left out from the consideration.

As a stopping criterion, one might choose a xed size of the basis, but in that case
it is not a-priori clear that the energies have already converged to the exact value.
Thus, it is better to leave the number of basis functions free, and choose as a stopping
criterion the improvement

∆E

of the ground state energy (or a linear combination

of the improvements of the rst few excitations). If the improvement

δm Enν

:=

ν
X

(EN −m,k − EN,k )

(4.10)

k=1
of

m

consecutive steps does no longer exceed the threshold

∆E ,

one may assume

that the investigated energy levels have converged, and the variational search can be
stopped. If, however,

∆E

is chosen too big, there is a chance that the energy levels

have not completely converged and would still decrease by a considerable amount, so

∆E

should be chosen rather small. Additionally, it is advisable to choose

m  1,

because otherwise the method might stop prematurely due to statistical uctuations
(i.e. there is a non-zero chance that one variational step does not improve the energies
considerably, although the next few steps would still lead to a certain improvement).

4.4 Optimizations of the SVM
ψk+1 , one does not have to diagonalize the whole matrix
3
again, which would require an n eort, but one can use the results from the previous
diagonalization with k basis functions as described in [VS95].
In the (k + 1)-st repetition of the selection algorithm (where we already have
calculated the diagonalization with k basis states), the generalized eigenvalue problem
with k + 1 basis functions looks like
When adding a basis function










E1
0
.
.
.

0
hψk+1 |H|ψ1 i

2 In

0 ...

0
.
.
.

...
Ek
. . . hψk+1 |H|ψk i

1
0 ...

0


.

.
.


0
...

hψk+1 |ψ1 i
...

hψ1 |H|ψk+1 i



c1



  .. 
 . 


.
  ..  =
.
.
 . 


hψk |H|ψk+1 i   ck 
hψk+1 |H|ψk+1 i
ck+1


c1
0
hψ1 |ψk+1 i
  .. 
 . 


.
.
  ..  .
.
.
.
.
 . 


1
hψk |ψk+1 i   ck 
hψk+1 |ψk i hψk+1 |ψk+1 i
ck+1

(4.11)

the context of baryon spectroscopy, higher excitations are aected with increasing uncertainties or are not found at all.

Chapter 4. Stochastic variation

36

By a Gram-Schmidt orthogonalization of
functions

ψ1 , . . . , ψk ,

ψk+1

with respect to the existing basis

yielding the orthonormal function

ψ̄k+1 ,

this matrix equation

can be further simplied to an ordinary eigenvalue problem










E1
0
.
.
.

0
hψ̄k+1 |H|ψ1 i

0 ...

hψ1 |H|ψ̄k+1 i

0



c1





c1



  .. 
 .. 
 . 
 . 





.
.
  ..  = E  ..  .
.
.
.
.
 . 
 . 




...
Ek
hψk |H|ψ̄k+1 i   ck 
 ck 
. . . hψ̄k+1 |H|ψk i hψ̄k+1 |H|ψ̄k+1 i
ck+1
ck+1

However, this simplication can only be done at the expense of the additionally
needed Gram-Schmidt orthogonalization. The eigenvalues of this ordinary eigenvalue
problem can be calculated as the roots of the secular equations, which  due to the
special form of the matrices in the eigenvalue problem  can be explicitly written as

k
k
Y
X
hψ̄k+1 |H|ψi i2
λ(E) =
(Ek,i − E) (hψ̄k+1 |H|ψ̄k+1 i − E) −
Ek,j − E
i=1
j=1

!
=0.

E = Ek,j of the
previous step, and the left limit at this poles is −∞, while in the right limit λ(E) tends
to ∞. Since the secular equation is continuous between the poles, there has to be a
As one can see, the secular equation has poles at the eigenvalues

zero between each two previous eigenvalues, and these zeros are the new eigenvalues.
E→−∞
E→∞
As λ(E) −−−−→ ∞ and λ(E) −−−→ −∞, the values E = ±∞ can be seen as the
remaining two poles, so there has to be one zero below the previous ground state
(the new ground state), and one zero above the previous highest excitation. These
arguments can also be seen as an informal proof of equation (4.4). This knowledge
can be exploited to further reduce the calculation eort in the trial step 3 of the SVM
algorithm given above, because only the lowest few eigenvalues need to be calculated
in order to be able to select or reject a trial parameter set.

Only after the best

parameter set has been selected, a full diagonalization needs to be performed in each
variational step.
Although this process chooses the

k -th

single basis function optimally (when the

k − 1 previous functions are regarded as xed), by adding the k -th function, the best
choice of all k basis functions might not be ensured. As an example, let us take a
look at k = 1. We choose the function ψ(α2 ) that improves the energy most with
the xed rst basis function and is optimal in that sense. However, one might nd
two other basis functions, that in combination improve the energy more, even though
each single one of them is not optimal.
Thus, after adding several new basis functions, it is generally a good idea to
implement an additional optimization run. This time, however, no additional basis
function is added to the existing set of basis functions, but the existing basis itself
is improved stochastically, while its dimension is kept xed. Again, a set of random
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parameter values is generated, but instead of adding them as new basis functions,
we randomly select one of the existing basis functions and replace it with the new
parameter set. If this new basis yields a better value for the energies, it is accepted
instead of the old basis, otherwise this optimization run is done again (until it has been
performed a certain number of times). In this optimization run, it might happen that
although the energies of the ground state (and maybe even of the lowest excitations)
3

decrease, the higher excitations actually go up . Thus, one might adapt a slightly
modied selection strategy for this optimization run. The new basis with one replaced
state is only accepted, if
(a) the ground state energy in the new set of basis functions goes down, and
(b) in case one includes bounds of excited states, a thoroughly chosen convex combination of the shifts of the (bounds for the) lowest

k

excited states is still positive,

ensuring that each of these states does not go up too much.
The advantage of this additional optimization is that it does not enlarge the number of basis states, which would lead to higher computational costs for the following
stochastic variational steps, and still can lead to an improvement.
Concluding, one can say that in practice the SVM can calculate the spectra to any
required accuracy in a fraction of time and by much less computational eort than
other optimization methods need (see [VS95, SV98] for a more detailed comparison
with other methods). Additionally, our experience shows that the eigenvalues quickly
converge using the SVM, so after 30 basis states the ground state energy is usually
correct within several MeV, and hardly ever more than 100 or 120 basis states are
needed to describe the rst three excitations very accurately. This happens independently of the chosen random paths, which is important to avoid being trapped in
local minima of the potential.

3 The

theorems we gave above only assured the improvement in all excitations if one adds a new
basis function, but not if one of the basis functions is removed and a new one employed instead.
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5.1 The wave functions
The wave functions describing the baryons as a system of three constituent quarks
are built as linear combinations of basis functions with 11 parameters [Wag98], which
will be described in detail in the sequel. In general, the wave function

ΨXSF C

will

depend on the spatial coordinates, spin, avor and color degrees of freedom and needs
to be totally antisymmetric. The latter property is required by the Pauli principle
since the considered particles (the constituent quarks) fulll Fermi statistics.
Another consequence of the QCD properties of the investigated baryons is that
we can factor the color part out of the wave function. This is the case because every
baryon has to form a color-singlet (i.e. is has to be color-neutral, so that baryons have
to consist of three quarks, each with a dierent color quantum number), and there
exists only one

SU (3) color-singlet.

Additionally, this color part of the wave function

is antisymmetric with respect to the exchange of either two of the constituent quarks,
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so the remaining space-spin-avor wave function
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has to be symmetric to fulll

Pauli's principle.
This factorization
singlet, as

as

ΨXSF C = ΨC

symm

· ΨXSF

(5.1)

O, as the contrifactor OC independent

of the wave function also leads to a factorization of each operator
bution of

ΨC

to the matrix elements will always be the same

of the remaining wave function

ΨXSF .

1

Thus any operator can also be factorized

by

O = OC OXSF
into a space-spin-avor part

OXSF

(which acts only on the subspace

taining the space, spin and avor coordinates) and a color part

OC

always contributes the same factor

OC

OC .

H0

of

H

con-

The operator

to the matrix element. For this reason,
2

the color part of the wave function can be left out , and in the sequel when we speak
of the wave function, we only mean the symmetric space-spin-avor part

ΨXSF .

5.1.1 Requirements for the wave functions
Like for any variational method, also for the stochastic variational method to be
ecient and to give good results, the choice of the basis and the optimization functions
is of crucial importance.

On the one hand, the trial functions have to be exible

enough to be able to describe all possible relevant correlations between the particles
of the system under consideration, while on the other hand they need to be simple
enough to guarantee an ecient calculation of the corresponding matrix elements.
This idea suggests the use of so-called correlated Gaussians as trial functions, like
discussed by Suzuki and Varga in their monograph [SV98].
Another requirement for the basis functions comes from the condition that the
nal wave function (except for the color part) has to be symmetric. As we construct
the totally symmetric wave functions as a linear combination

ΨSXSF

=

n
X

ci ψαi

i=1
of several basis functions

ψαi , these basis functions must have the same total symme-

try with respect to the exchange of any two constituent quarks. Constructing such
basis functions in one step is not so simple, but one can create them in two steps:

1 Actually,

P
it can only be factorized into O = i Oi,C Oi,XSF , but for each of the summands
the argumentation remains valid, and the calculation will be reduced to the calculation of such
summands, anyway.
2 Actually this is not strictly correct. The O cannot be left out in general since the operator O
C
can only be written as a sum of factorized operators. Therefore one cannot take out a common factor
from the whole sum. However, the way to resolve this problem and get rid of the color-dependence
is to absorb the OC as a constant factor into the space-spin-avor part OXSF and continue the
calculations with this modied operator.
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two particles

p

and

(k,pq)

ψαi
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, which are symmetric only with respect to the

q
ψα(k,pq)
= ψα(k,qp)
,
i
i

where the triple

(k, p, q)

is any single permutation of

(1, 2, 3).

We use the index

of the third (non-symmetrized) constituent quark k as an identier for this special
(k,pq)
symmetry, and call the wave function ψαi
a basis function for conguration k . As
(k̃)
(k̃) identies this basis function uniquely, we will henceforth write ψαi instead of
(k,pq)
ψαi
for the basis function in conguration (k̃).
Using these semi-symmetrized functions, one can now construct a totally symmetric basis function as

ψαi = ψα(1,23)
+ ψα(2,13)
+ ψα(3,12)
.
i
i
i

(5.2)

5.1.2 Coordinate systems
In all potentials and matrix element calculations so far, the coordinates
sented the absolute coordinates of the constituent quarks

i

and

j.

~rij

repre-

As one of them is

redundant and can be calculated from the remaining coordinates (and the center of
mass), it would be more convenient to introduce a simpler coordinate system [SV98],
like taking the center of mass as coordinate origin, or the heavy-particle center coordinate system, where one of the involved particles is taken as the center, or the
so-called Jacobi-coordinate system, where the
between the

j -th

j -th

relative coordinate is measured

particle and the center of mass of the particles

1, . . . , j − 1.

These

Jacobi-coordinates turn out to be particularly well-suited for our calculations, so
we will use the Jacobi-coordinate system to specify the relative coordinates of the
constituent quarks in our baryon.
In a three-particle system

~xk , ~xp ,

and

~xq .

k, p, q

with mass

m k , mp ,

and

mq

one has 3 coordinates

By separating out the center of mass motion, one is left with the

internal motion which is most easily described by Jacobi coordinates

(ξ~k , ~ηk ).

The

rst coordinate measures the relative coordinate of the specically chosen quarks
and

q,

quark

p

while the second coordinate measures the relative coordinate of the remaining

k

to the center of mass of the rst two quarks

p

and

q

(see gure 5.1). Again,

3

we have three possible choices for this partition , so we again use the special index

k

as a label for this partition.

The three graphics in gure 5.1 visualize the three

possible Jacobi coordinate systems for a three-quark system.
So, the index of the partition
while the index

k

(k̃) species which relative coordinate system we use,

of the conguration just represents a specic symmetry property

of the wave function.
For constructing the fully symmetric wave function as given in equation (5.2), we
rst need to agree on a certain coordinate system dened by the partition

3 We

k,

and

disregard the possibilities of exchanging the particles p and q , as this aects only the sign
of the Jacobi coordinate ξ~k , which will be irrelevant for our further calculations.
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p

k:

Ó
Ξk

partition
q

Ó
Ηp

p

Ó
Ηk

p:
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q

Ó
Ξp

partition
p

Ó
Ξq

k

k

q:

Ó
Ηq

q

k

Jacobi coordinates in partitions k, p and q. The rst coordinate ξ~k in partition
k is the relative distance between the particles p and q , while the second Jacobi coordinate ~ηk
is the relative distance of the remaining particle to the center of mass of the rst two. Note
that these are just dierent coordinate systems, needed for the mathematical representation.
The result on the calculation cannot depend on the selected set of Jacobi coordinates.
Figure 5.1:

then have to use the same Jacobi-coordinates in all summands:

ψαi = ψα(k̃)
(ξ~k , ~ηk ) + ψα(p̃)i (ξ~k , ~ηk ) + ψα(q̃)i (ξ~k , ~ηk ) .
i

(5.3)

Although the specic mathematical representation of each of the functions
will be dierent in each partition

k

(k̃)

ψαi

(given by a transformation between dierent

partitions, as we will discuss in section 5.2), the end result of the calculations cannot
depend on our partition choice.

In the following few sections we will discuss the

problem of constructing a wave function for a specic conguration
coordinates from the partition with the same index

k

(k̃) where Jacobi

are used. This simplies the

calculations a lot, and nally we will see that the two remaining semi-symmetric wave
functions for congurations

(p̃)

and

(q̃)

can be obtained by a certain transformation.

In practice, we can apply a partition transformation to the matrix element itself
and thus only have to do calculations of matrix elements between basis functions
expressed by coordinates of one single partition.
I will rst present the three components of the wave function  the spatial part
(k̃)
φ(β,γ,δ,ν,n,λ,lLML ) depending on the Jacobi coordinates (ξ~k , ~ηk ) in partition k , the spin
(k̃)
(k̃)
part χk,(s,SM ) and the avor part φF  from which the complete semi-symmetric
S
(k̃)
wave function φαi for partition k can be constructed as a tensor product

ψα(k̃)
i

n


o
(k̃)
(k̃)
~
= ϕ(β,δ,ν,n,λ,l,L) ξk , ~ηk ⊗ χ(s,S)

where the parameter set

JMJ

αi

(k̃)

φF

includes 11 components:

αi = {β, δ, nu, n, λ, l, L, s, S, F, b}
which will be discussed along with the individual parts of the basis wave function.
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5.1.3 The spatial part of the basis functions
For the spacial part we will use Jacobi coordinates for a pre-selected partition

k,

which means that we separate o the center-of-mass motion

~ = m1~x1 + m2~x2 + m3~x3
R
m1 + m2 + m3
and then take the relative coordinate of particles
while the second coordinate

~ηk

q

and

p

as the rst coordinate

is the coordinate of the remaining quark

k

ξ~k ,

relative to

the center of mass of the rst two particles (see gure 5.1), i.e.

ξ~k = ~xp − ~xq
mp~xp + mq ~xq
,
~ηk = ~xk
mp + mq
where

(k, p, q)

is an even permutation of

(5.4)
(5.5)

(1, 2, 3).

The spatial part of the semi-symmetric wave function will be constructed as described in [Wag98] from functions formed as a product of a correlated Gaussian with
bipolar spherical harmonics:

 2ν+λ
(k̃)
ϕ̃(β,γ,δ,ν,n,λ,l,LML ) (ξ~k , ~ηk ) = ξ~k
(~ηk )2n+l


LML ~
2
2
~
~
exp −β ξk − δ~ηk + γ ξk · ~ηk Yλl
(ξk , ~ηk ) .
(β, γ, δ, ν, n, λ, l, LML ),
positive value (except for γ

The functions of this type depend on 9 parameters

β, γ

and

δ

are continuous and might take any

can also assume negative values).

4

(5.6)
where
which

An additional constraint on their values due to

normalization is that they need to fulll the inequality

βδ > γ 2 /4.

In addition to these

continuous parameters, the function is determined by the remaining 6 parameters,
which represent certain quantum numbers and can only be chosen from a discrete set
of possible values.

λ

and

l

dene the angular momentum, and

ν

and

n

the behavior

5

at short distances; all need to be non-negative . Table 5.2 explains the meaning of
these parameters in some more detail.
LML ˆ
The bipolar spherical harmonics Yλl
(ξk , η̂k ) in equation (5.6) are dened as the
tensor product of conventional spherical harmonics


Ylm

where the angular momenta

ξ~k , ~ηk are coupled together
orbital angular momentum L with z -component ML :
X
LML
hλµlm|LM i Yλµ (x̂)Ylm (ŷ) .
Yλl
(x̂, ŷ) = {Yλ (x̂) ⊗ Yl (ŷ)}LML =
l

and

λ

according to the Jacobi coordinates

to total

(5.7)

µ,m
4 The

positivity of the parameters β and γ is needed to ensure that the integral over R2+ stays
nite and the wave function is normalizable.
5 We can even set the two parameters ν and n equal to zero in our calculations, since the wave
function must only be regular at the origin, and the detailed behavior at very short distances will
not be important. In higher excitations than the ones we are interested in, non-vanishing values
might be needed. One also has to notice that even if ν = n = 0, in a linear combination of such
basis functions the behavior might be similar to the case with non-vanishing ν and n.
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denotes the Clebsch-Gordan coecients corresponding to total or-

bital angular momentum

L.

The choice of these correlated Gaussian functions as basis functions is motivated
by the use of the stochastic variational approach, where the basis functions need
to fulll certain criteria to keep the calculations as simple and as fast as possible.
Especially they should meet the following requirements [SV98]:

•

They can be easily generalized for an

N -body

system. Actually this is not so

important for this work, but in the future,
  additional degrees of freedom might
1−
be added. (Especially for the rst Λ
excited state this is of importance,
2
which may not be a simple three-quark state, but probably has sizable

QQQQQ̄

congurations.)

•

Their matrix elements can be calculated analytically.

•

They are easily adaptable to the permutational symmetry of the system.

•

They are exible enough to approximate even rapidly changing functions.

The functions dened in (5.6) themselves do not yet fulll the required symmetry
properties for the spatial part, but as we shall see in a moment, for any conguration

(k̃)

at most a linear combination of them can be constructed fullling the symmetry

properties with respect to the exchange of the

(p̃)

and

(q̃)

particles.

In these functions, the Jacobi coordinates are taken in partition
representation in partition

q

or

p

k,

and their

will look dierently with the Jacobi coordinates

transformed into a dierent partition by a unitary transform as discussion in section
5.2.

Thus the explicit form of the function depends on the choice of the Jacobi

partition

k , and we will indicate this by an index k

on the arguments of the function.

(k̃)
ϕ̃α (ξ~k , ~ηk )

(for

let us now look what happens if we exchange the particles

(p̃)

As we are interested in the symmetry properties of the functions
conguration
and

(q̃).

(k̃))

If we use partition

k = (k̃)

to describe the spatial part, this exchange has

the following eects on the functions (as a quick look at the denition of the Jacobi
coordinates shows):

Term in (5.6)

ξ~k
~ηk
LML ˆ
Yλl (ξk , η̂k )
exp(γ ξˆk · η̂k )

Replacement for

(p̃) ↔ (q̃)

~k
-ξ
~ηk
LML ˆ
(−1)λ Yλl
(ξk , η̂k )
exp(−γ ξˆk · η̂k )
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6

Combining these symmetry properties and an additional assumption γ = 0, we
(k̃)
nd that the functions ϕ̃(β,γ,δ,ν,n,λ,l,LM ) already display the required symmetry with
L
λ+l
parity P = (−1)
for conguration (k̃), if we use the same Jacobi partition k = (k̃):

(k̃)
(k̃)
ϕ(αk̃) (ξ~k , ~ηk ) = ϕ̃(β,γ,δ,ν,n,λ,l,LML ) (ξ~k , ~ηk ) ↔ (−1)λ ϕ̃(β,γ,δ,ν,n,λ,l,LML ) (ξ~k , ~ηk ).
If we use the Jacobi coordinates of partitions
exchange of

p

and

q

q

Term in (5.6)

ξ~p
~ηp
LML ˆ
Yλl (ξp , η̂p )
exp(γ ξˆp · η̂p )
Term in (5.6)

ξ~q
~ηq
LML ˆ
Yλl (ξq , η̂q )
exp(γ ξˆq · η̂q )

p:

Replacement for

p↔q

~q
-ξ
λ

~ηq
LML ˆ
Yλl (ξq , η̂q )

(−1)
exp(−γ ξˆq · η̂q )

Jacobi coordinates of partition

q:

Replacement for

p↔q

~p
-ξ
~ηp
LML ˆ
(−1)λ Yλl
(ξp , η̂p )
ˆ
exp(−γ ξp · η̂p )

As one can see, the wave function of partition

q

in the function (5.6), the

has the following symmetry eects:
Jacobi coordinates of partition

partition

p

or

(5.8)

and vice versa (modulo a factor

λ

(−1)

p

turns into the wave function of

) if one again assumes

γ = 0.

Thus,

a linear combination

(k̃)
(k̃)
ϕ(αk̃) = ϕ̃(β,γ,δ,ν,n,λ,l,LML ) (ξ~p , ~ηp ) + (−1)λ ϕ̃(β,γ,δ,ν,n,λ,l,LML ) (ξ~q , ~ηq )

(5.9)

of these two functions will be symmetric with respect to the exchange of particles
and

q,

p

and the corresponding negative linear combination

(k̃)

(k̃)

ϕ(αk̃) = ϕ(β,γ,δ,ν,n,λ,l,LML ) (ξ~p , ~ηp ) − (−1)λ ϕ̃(β,γ,δ,ν,n,λ,l,LML ) (ξ~q , ~ηq )

(5.10)

will be antisymmetric.

5.1.4 The spin part of the basis functions
Like in the spatial part, where we rst "coupled" the coordinates of two of the three
quarks together by means of the Jacobi coordinate

ξ~k ,

and then "coupled" the last

6 Without loss of generality we can safely make this assumption γ

= 0, because our fully symmetric
wave function also consists of contributions from the remaining two congurations (p̃) and (q̃). When
constructing their wave-functions, we rst write them in Jacobi coordinates p and q , respectively,
and then need to transform all to the same Jacobi partitions k , i.e. (ξˆp , η̂p ) → (ξˆk , η̂k ) and (ξˆq , η̂q ) →
(ξˆk , η̂k ). By this transformation, both new Jacobi coordinates are a linear combination of the old,
and thus the square also contains their correlations, eectively leading to γ 0 6= 0.
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quark to the system (center of mass) of the rst two quarks, for the spin part we
will proceed in a similar fashion. For the spin part in conguration
couple the two spins of the quarks
projection

m

p

and

q

(k̃)

we will rst

together to a system with spin

by a tensor product of the two spinors

χ 1 (p)

o
n
k̃)
χ(sm
(p, q) = χ 1 (p) ⊗ χ 1 (q)
2

2

and its

χ 1 (q)

and

2

s

2

.

(5.11)

sm

The spin basis function is then obtained by coupling the spin of the remaining
particle

k

s, yielding a tensor product
o
n
(k̃)
(k̃)
.
χs,SMS (k) = χsm (p, q) ⊗ χ 1 (k)

to this system with spin

2

for the system with total spin

S

(5.12)

SMS

and its corresponding projection

MS .

These spin functions fulll a symmetry relation akin to the symmetry of the spatial
part.

If we use the same conguration and partition

already symmetric when exchanging particles

(k̃)

p

and

(k̃) = k ,

the spin function is

q:

(k̃)

χs,SMS (k) ↔ (−1)s+1 χs,SMS (k) .
However, if we use a dierent conguration index

k,

the spin functions in partitions

p

and

q

(5.13)

(k̃) than we take for the partition

will get exchanged,

(k̃)

(k̃)

(k̃)

(k̃)

χs,SMS (p) ↔(−1)s+1 χs,SMS (q)
χs,SMS (q) ↔(−1)s+1 χs,SMS (p)

in partition

p

(5.14)

in partition

q,

(5.15)

and the symmetric spin function can be constructed as
while the antisymmetric spin basis function is

(k̃)

(k̃)

χs,SMS (p) − (−1)s χs,SMS (q),

(k̃)

(k̃)

χs,SMS (p) + (−1)s χs,SMS (q).

These spin basis functions contain only two parameters for the stochastic varia-

s of the (p, q ) system and the total
1
3
1
values (s, S) = (0, ), (1, ) or (0, ).
2
2
2

tion: The spin
possible

spin

S,

which can only take three

5.1.5 The avor part of the basis functions
Although the avor wave function could be constructed similar to the spin basis
7

function , it is much easier to explicitly write down the avor wave functions

(k̃)

φF =

X

(i i i )

aF 1 2 3 k |i1 (k)i2 (p)i3 (q)i.

(5.16)

i1 ,i2 ,i3 ∈{u,d,s}
where (i1 , i2 , i3 )k denotes the set {i1 , i2 , i3 } shifted to the left by k−1. The coecients
(i i i )
aF 1 2 3 k assume values that are determined from the construction of the avor wave
8

function.

7 T.

Thonhauser used such a construction for the avor wave functions of mesons in [Tho98].
example (i1 , i2 , i3 )2 = (i2 , i3 , i1 ).

8 For
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F

Baryon

1

p
p
n
n
∆++
∆+
∆0
∆−
Λ
Σ+
Σ0
Σ−
Ξ0
Ξ−
Ω

2
3
4
5
6
7
8
9
10
11
12
13
14
15

(3̃)

φF
1
√ (udu − duu)
2
− √16 (udu + duu − 2uud)
√1 (udd − dud)
2
√1 (udd + dud − 2ddu)
6
uuu
√1 (uud + udu + duu)
3
√1 (udd + dud + ddu)
3
ddd
√1 (uds − dus)
2
uus
√1 (uds + dus)
2
dds
ssu
ssd
sss
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Y
1
1
1
1
1
1
1
1
0
0
0
0
−1
−1
−2

T, MT
1 1
,
2 2
1 1
,
2 2
1
, − 12
2
1
, − 12
2
3 3
,
2 2
3 1
,
2 2
3
, − 12
2
3
, − 32
2
0, 0
1, 1
1, 0
1, −1
1 1
,
2 2
1
, − 12
2
0, 0

PF
1
0
1
0
0
0
0
0
1
0
0
0
0
0
0

Flavor basis functions for all 15 light and strange baryons (for the specic
conguration (k̃) = 3). The quantum numbers dening the state are the hypercharge Y ,
isospin T , and its projection MT . The symmetry of the wave function is given by PF . To
obtain the avor basis functions for the other two congurations (k̃) = 1 and (k̃) = 2,
according to equation (5.16) one has to apply a cyclic permutation on the functions given
here.
Table 5.1:

Table 5.1 gives the avor wave functions of all 15 light and strange baryons together with their quantum numbers. Each particle  and so each avor wave function
 is determined by a specic hypercharge

MT

9

and a total isospin

T

with its projection

. The symmetry of the avor basis functions is also given in the table as sym-

metric (PF

p

Y

and

= 0)

or antisymmetric (PF

= 1)

with respect to the exchange of particles

q.

The avor basis functions for the light baryons
baryon

Ω

N

and

∆

as well as the strange

are states of the irreducible mixed-symmetric and mixed-antisymmetric

octet resp.

totally symmetric decuplet representations of

SU (3)F .

These three

baryons consist of three constituent quarks of the same mass, so the Jacobi coordinates do not depend on the particular distribution of the avor on the three quarks.

9 The

multiplets with identical hypercharge and isospin, but dierent isospin projection (e.g. p
and n, or ∆++ , ∆+ , ∆0 and ∆− ) are degenerate, so for the spectrum it suces to calculate only
one member of the multiplet. To obtain the wave function, we only have to replace the avor part
by the corresponding new avor part. E.g., to obtain the wave function for the neutron (F = 3 and
(k̃)

F = 4), one can start from the proton (F = 1 and F = 2) wave function and just replace φ1
(k̃)

φ2

(k̃)

with φ3

(k̃)

and φ4 , respectively.

and
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Λ, Σ,

and

Ξ,
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where two constituent quarks have a mass

dierent from the third, the Jacobi coordinates in dierent congurations will be
dierent. To simplify the calculation, we put the specic quark with dierent mass
at the position

(k̃),

k,

corresponding to the partition

and construct a basis wave
10

p and q with equal masses

function that is symmetric with respect to the two quarks

.

One thus has to ensure that the correct constituent quark masses are used in the
Jacobi coordinates, depending on the current conguration and the baryon of our
calculations:

(k̃)
ξ~k = ~xp − ~xq

(5.17)

(k̃)

(k̃)
~ηk

= ~xk −

(k̃)

mp ~xp + mq ~xq
(k̃)

(k̃)

.

(5.18)

mp + mq

Figure 5.2 shows the dierence in the Jacobi coordinate system for each of the
three possible congurations.

ÓHkL
Ξk

conguration
p

k:

ÓHpL
Ξk

conguration
q

p

Ó HkL
Ηk
k

ÓHqL
Ξk

conguration

p:
q

p

q:
q

Ó HqL
Ηk

Ó HpL
Ηk
k

k

For dierent congurations we place the dierent quark at dierent positions,
so the Jacobi coordinates depend on the particular conguration.
Figure 5.2:

5.1.6 The construction of the complete basis functions ψα

i

Now that we know the bits and pieces for each of the three parts and their exact
symmetry properties, we can construct the full basis wave functions for a conguration

(k̃),

which then form the completely symmetric basis wave functions according to

equation (5.3).

First we create intermediate basis functions by coupling a spatial
(k̃)
~k , ~ηk ) with total orbital momentum L to a spin basis
basis function ϕ̃(β,γ,δ,ν,n,λ,l,LM ) (ξ
L

χs,SMS (k) with total spin S . Both of the functions have to be created for
conguration (k̃) and need to use the same Jacobi coordinates (partition) k . Finally,
function

we combine the resulting space-spin basis function with the avor basis to yield the
'intermediate' function

n
o
,(k̃),k
(k̃),k
(k̃),k
ψ(β,γ,δ,ν,n,λ,l,L,s,S,F )JMJ ,Y,T MT = ϕ(β,γ,δ,ν,n,λ,l,L) ⊗ χ(s,S)
int

JMJ

10 The

(k̃)

φF .

(5.19)

resulting full basis wave function will be totally symmetric, as it is the sum of all three
possible congurations, and the exchange of two quarks p and q does not change the (k̃) conguration, while the wave functions for congurations (q̃) and (q̃) are turned into each other. Note that
we can only make one such assumption on the distribution of the three constituent quarks in each
conguration without missing some possible states. Since in the construction of the spatial and spin
parts, no such assumptions were made, this is the only one and we do not lose generality.

Chapter 5. Wave functions and matrix elements
The parameters

J , MJ , Y , T

and

MT
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are inherent properties of the baryonic states

we need to calculate, so they are xed for the calculation
of the spectrum of a given
 
1−
baryon with given angular momentum (e.g., N
).
2
If we choose the conguration

(k̃)

and the partition

k

to be equal

(k̃) = k ,

the

symmetry considerations of the previous sections show that equation (5.19) already
is symmetric or antisymmetric under the exchange of
as full wave function for conguration

p

and

q,

and thus can be used

(k̃):

,(k̃),k
(k̃)
ψ(β,γ,δ,ν,n,λ,l,L,s,S,F )JMJ ,Y,T MT (ξ~k , ~ηk ) = ψ(β,γ,δ,ν,n,λ,l,L,s,S,F )JMJ ,Y,T MT (ξ~k , ~ηk ) .
int

(5.20)

If we need the basis wave functions in a partition dierent from the conguration
(i.e.

(k̃) 6= k ),

a simple linear combination

(k̃)

int

,(k̃),p

ψ(β,γ,δ,ν,n,λ,l,L,s,S,F )JMJ ,Y,T MT = ψ(β,γ,δ,ν,n,λ,l,L,s,S,F )JMJ ,Y,T MT
int

,(k̃),q

± ψ(β,γ,δ,ν,n,λ,l,L,s,S,F )JMJ ,Y,T MT

(5.21)

will be symmetric. According to the choice of the sign, we will attribute an additional
parameter

b

to the basis wave function, where

b = −1

stands for the function using

b = 1 using the positive linear combination. A value b = 0 indicates
function is symmetric for (k̃) = k (i.e. no linear combination is needed).

the negative and
the wave

All in all, we need a total of eleven parameters

α = {β, γ, δ, ν, n, l, L, s, S, F, b}

(5.22)

to completely dene a basis function

(k̃)

ψ(α)JMJ ,Y,T MT
for conguration

(k̃),

(5.23)

where the basis function is symmetric only if

(−1)λ+s+1+PF =

(
1,
−1,

for

b=0

for

b = −1 .

or

b=1

(5.24)

From these congurational basis functions the fully symmetric basis wave functions are constructed as

(k̃)

(p̃)

(q̃)

ψ(α)JMJ ,Y,T MT = ψ(α)JMJ ,Y,T MT + ψ(α)JMJ ,Y,T MT + ψ(α)JMJ ,Y,T MT .

(5.25)

5.2 Transformation between two partitions
When we calculate the expectation value of an arbitrary operator
general baryonic states

O

we need to use

Ψ, which are formed as a linear combination of the basis wave

Chapter 5. Wave functions and matrix elements
β , δ, γ = 0 . . .
λ, l . . .
ν, n . . .
L ...
S ...
s ...
F ...
b ...

coecients of the exponential in the spatial part
angular momenta in the spatial part
threshold behavior at short distances (set to

0

for most cases)

total angular momentum
total spin

(p, q) quark pair
(F ∈ {1, . . . , 15})

spin quantum number of the
avor index of the particle

describes the linear combination to construct
the basis function,

Table 5.2:
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b = −1, 0, 1

Meaning of the eleven parameters that determine one basis wave function

functions described above (which in turn are sums over all three possible congurations). Thus we can reduce the calculation to the evaluation of the matrix element
of the operator between two arbitrary congurations

hΨ|O|Ψ0 i =

X

ci c0i0 hψαi |O|ψα0i0 i =

X

i,i0

(k̃)

3
X

ci c0i0

i,i0

and

(q̃):
(k̃)

hψα(q̃)i |O|ψα0 0 i.

q,k=1

(5.26)

i

Mathematically, it is clear that all functions have to be expressed in terms of the
same coordinate system in order that this sum exists. So we have to transform both
(q̃)
(k̃)
the bra hψαi | and the ket |ψα0 i to the same partition, which will result just in a
i0
linear combination of matrix elements with basis states given in the same partition.
In other words, we are able to simplify the calculation to a point where we only
need to calculate matrix elements between basis functions given in coordinates of one
single partition.

5.2.1 Transformation of the spatial part
In the spatial part, we need to transform the Jacobi coordinates of partition
corresponding Jacobi coordinates in partition
11

masses of the particles

(k̃).

k.

q

to the

As the avor part determines the

, without loss of generality, we will only look at conguration

The transformation between two sets of Jacobi coordinates is given by a simple

linear transformation as elaborated in [SV98]

ξ~k
~ηk
Here the transformation matrix

Akq =
11 Remember

Akq

!
= Akq

ξ~q
~ηq

!
.

(5.27)

is given as

µq
−m
−P (kpq)
p
µk
µk
−m
P (kpq) Mq
p

!
.

(5.28)

the restriction we had to impose, namely that the quark with dierent mass  if such
one occurs  should be located at position (k̃) for conguration (k̃).
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The element

µk

and

Mk

P (kpq)
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is dened as the parity of the permutation

(kpq)

of

(123),

and

denote the reduced masses of the system:

mp mq
,
mp + mq
mk (mp + mq )
=
.
mk + mp + mq

µk =
Mk

Naturally, if we (trivially) transform from a partition
matrix

Akk

k

(5.29)

to itself, the transformation

turns into the 2-dimensional unit matrix.

In the spatial part of the wave function, the Jacobi coordinates appear in the
exponent of the Gaussian, as integer powers of their absolute value and as arguments
in the bipolar spherical harmonics.

In the exponent of the Gaussian, the above

transformation only has the eect of changing the numerical values of the parameters

β, δ

and

γ

(which only appear there) to new values

βkq , δkq ,

and

γkq

−β(ξ~k )2 − δ(~ηk )2 + γ ξ~k · ~ηk = −βkq (ξ~q )2 − δkq (~ηq )2 + γkq ξ~q · ~ηq ,

(5.30)

with the explicit form

βkq = [(Akq )11 ]2 β + [(Akq )21 ]2 δ − (Akq )11 (Akq )21 γ,
δkq = [(Akq )12 ]2 β + [(Akq )22 ]2 δ − (Akq )12 (Akq )22 γ,

(5.31)

γkq = −2(Akq )11 (Akq )12 β − 2(Akq )21 (Akq )22 δ
+ [(Akq )11 (Akq )22 + (Akq )12 (Akq )21 ] γ

(5.32)

for the new values. So the Gaussian term practically keeps the same form, since these
parameters were stochastically variated parameters, anyway.
Even though we originally chose
in conguration
with a strength

γ = 0 to obtain the required symmetry properties

(k̃), in a dierent coordinate system, the correlation term reappears
γkq 6= 0 in general. Therefore the arbitrary choice γ = 0 does not

limit the universality of our basis wave functions.
For the transformation of the remaining term

LML ˆ
(ξk )2ν+λ (ηk )2n+l Yλl
(ξk , η̂k ) we will

make use of the identity [VMK88]

ξ~ + ~η

2N +L

[
YLM (ξ~ + ~η ) =

X

n1 l1 n2 l2 2n1 +l1 2n2 +l2 LM ˆ
DN
ξ
η
Yl1 l2 (ξ, η̂),
L

n1 n2 l1 l2
2n1 +2n2 +l1 +l2 =2N +L
(5.33)
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with the coecients

n1 l1 n2 l2
DN
L

n1 l1 n2 l2
DN
=
L

Bnl =
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dened by

Bn1 l1 Bn2 l2
(2N + L)!
hl1 l2 |Li,
BN L (2n1 + l1 )!(2n2 + l2 )!
4π(2n + l)!
,
2n n!(2n + 2l + 1)!!
s

hl1 l2 |Li =

ˆl1 ˆl2

4π L̂
ˆl = 2l + 1.

hl1 0l2 0|L0i,
(5.34)

hl1 l2 |Li are non-zero only if (−1)l1 +l2 +L = 1 and the three angular momenta l1 ,
l2 and L "build a triangle" (i.e. fulll l1 + l2 < L, but not equality). Using another

The

relation for the tensor product of two bipolar spherical harmonics (see [Wag98] for
the specic steps of the derivation), we arrive at

LML ˆ
(ξk )2ν+λ (ηk )2n+l Yλl
(ξk , η̂k ) =
X ν1 λ1 ν 0 λ0 n1 l1 n0 l0
0
0
=
Dνλ 1 1 Dnl 1 1 [(Akq )11 ]2ν1 +λ1 [(Akq )12 ]2ν1 +λ1 [(Akq )21 ]2n1 +l1
0

0

0

0

0

0

×[(Akq )22 ]2n1 +l1 (ξq )2ν1 +λ1 +2n1 +l1 (ηq )2ν1 +λ1 +2n1 +l1
×{Yλλ1 λ01 (ξˆq , η̂q ) ⊗ Yll1 l10 (ξˆq , η̂q )}LML =
=

X

ν λ ν 0 λ01 n1 l1 n01 l10 κ1 κ01

1 1 1
BνλnlL

(kq)(ξq )2ν1 +λ1 +2n1 +l1

0
0
0
0
L ˆ
×(ηq )2ν1 +λ1 +2n1 +l1 YκLM
0 (ξq , η̂q ),
1κ

(5.35)

1

which expresses the wave function of Jacobi coordinates
wave functions of Jacobi coordinates

q.

The coecients

k as a linear combination of
ν1 λ1 ν10 λ01 n1 l1 n01 l10 κ1 κ01
BνλnlL
(kq) are a

product of several constant components, including the elements of the transformation
matrix (5.28), and do not have to be integer numbers. The summation indices of the
last sum are further restricted by several conditions

2ν1 + λ1 + 2ν10 + λ01 = 2ν + λ,
2n1 + l1 + 2n01 + l10 = 2n + l,
0

(5.36)

0

(−1)λ1 +λ1 +λ = 1,

(−1)l1 +l1 +l = 1,

(−1)λ1 +l1 +κ1 = 1,

(−1)λ1 +l1 +κ1 = 1,

0

0

0

to guarantee the niteness of the sum under consideration. Also, the triples

(5.37)

(λ1 , λ01 , λ),

(l1 , l10 , l), (λ1 , l1 , κ1 ), and (λ01 , l10 , κ01 ) each have to form a triangle, which means that the
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sum of two values must not be equal to the third number (cf. the triangle inequality

|a| + |b| ≤ |a + b|,

where equality holds i

a

and

b

are linearly dependent and so do

not span a triangle).

5.2.2 Transformation of the spin part
The other part of the wave function that needs to be transformed is the spin term
(k̃)
χ(s,SMS ) (k). We can transform it to a dierent partition by simply recoupling the
three constituent quark spins using the transformation

X

(k̃)

χ(s,SMS ) (k) =

p
P (kq) ŝŝ1

s1 =0,1
The phase factor

P (kq)




1
2

1
2



1
2

S s1 


s 

(k̃)

χ(s1 ,SMS ) (q) .

(5.38)

depends only on the partitions and the summation indices

P (kq) =



(−1)s ,

(−1)s1 ,

(kq) = (12), (23), (31)
(5.39)

(kq) = (21), (32), (13)

and is the only term which depends on the Jacobi coordinates. There is no dependence
at all on the specic conguration.
Looking at equation (5.38), one sees that also the spin part can be written as a
linear combination of spin basis functions given in partition

q , and so the whole basis

k to partition q is expressed as a linear combipartition q . This nalizes our claim that we only have to

function transformed from partition
nation of basis functions in

calculate matrix elements between conguration basis wave functions in potentially

(k̃) and (p̃),
hΨ|O|Ψ0 i.

dierent congurations
full matrix element

but using the same partitions, to evaluate the
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In this chapter our parametrization of the Hamiltonian of the extended Goldstoneboson-exchange potential will be described. All force components except the spinorbit components are included. After the description of the terms employed in the
model, I will give the parameters of our best t

1

together with the spectrum obtained

with these values. Finally, each of the light and strange baryons (N ,

Ω)

∆, Λ, Σ, Ξ

and

is discussed in more detail.

1 One

has to bear in mind that these values are by far not unique, and one can always nd
equally good (minimal) values, depending on where one puts the emphasis of the t. We selected
some important states and tried to minimize their error as described in section 6.1.1.
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6.1 Parametrization and parameter values
We employ the general form of the semi-relativistic Hamilton (3.7) with a hyperne
interaction as given in equation (3.12) and a linear connement
Both the shift

V0

and the string tension

C

V

conf

(~rij ) = V0 + Crij .

are determined from the spectrum.

The pseudoscalar radial dependences were already described in great detail in
the previous chapters, so I will only refer to the respective equations there. In our
model, all three types of exchange interactions  pseudoscalar, vector and scalar
meson exchange  are considered with all force types included, except the spin-orbit
terms of the vector and scalar exchange. The inclusion of these missing terms are the
topic of another parallel diploma thesis [Gla02].
In particular, in our model the following terms will be included:

•

The pseudoscalar meson exchange

(π, K, η, η 0 ) according to equation (3.15) im-

plies both the spin-spin part as given in equation (3.16) and the tensor part
from equation (3.17).

•

(ρ, K ∗ , ω8 , ω0 ) according to equation (3.18) contains

The vector meson exchange

all four types of forces: spin-spin (3.20), tensor (3.21), spin-orbit (3.22) and
central (3.19) forces.

However, we neglect the spin-orbit terms (3.22) here,

since their contribution should not be too large as already discussed in the
previous chapter.

•

The scalar meson exchange

(σ, κ, a0 , f0 ) interaction according to equation (3.23)

contains central and spin-orbit force components (equations (3.24) and (3.25)),
where we again leave out the spin-orbit part (3.25).

δ -function
cut-o Λγ for

All these radial dependent terms apply a Yukawa-type smearing of the
in the contact term, corresponding to a form factor (3.10) involving a
each exchange particle

γ = π, K, η, η 0 , ρ, K ∗ , ω0 , ω8 , σ, a0 , f0 , κ.

To keep the number of

free parameters to a minimum, a linear scaling rule similar to equation (3.11) turned
out to be reasonable and was already employed in earlier publications [WGPV00a].
We use the same dependence on the meson masses with a xed and pre-determined

1, but a dierent starting point for the pseudoscalar, vector and scalar mesons.
particular, the Λγ are determined as

slope of
In

for pseudoscalar mesons

Λγ = Λρ + (µγ − µρ )

for vector mesons

γ = K ∗ , ω0 , ω8

(6.1b)

Λγ = Λσ + (µγ − µσ )

for scalar mesons

γ = a0 , f0 , κ,

(6.1c)

where in the case of the scalar mesons the masses of the
equal as

γ = K, η, η 0

Λγ = Λπ + (µγ − µπ )

µa 0 = µf 0 = µκ = µ

scalar

.

a0 , f0 ,

and

κ

(6.1a)

are all taken
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Such a linear scaling rule, however, can still be improved if we take the cut-o
of the

η0

as an additional free parameter

2

in our t. The same also holds for the

K

meson, which is used to treat the light and the strange spectrum in two consecutive
steps instead of tting them at the same time. Thus, in addition to the initial cut-os

Λπ , Λρ

and

Λσ

we have two additional meson-specic cut-os

ΛK

and

Λη0

resulting

in 7 free parameters and 20 xed parameters as given in table 6.1.

6.1.1 The t function
In order to obtain an acceptable t of the baryon spectra, we rst tried to minimize
the following linear combination of dierences for the most important light baryon
excitations:

1
δE =δN (1440) 1 + + δN (1710) 1 + + δN (1535) 1 − + δN (1650) 1 − +
2
2
2
2
2
1
+ δN (1520) 3 − + δN (1700) 3 − + δN (1680) 5 + +
2
2
2
2
1
+ δN (1675) 5 − + δ∆(1232) 3 + + δ∆(1600) 3 + .
2
2
2
2
For each state the

(6.2)

δ is taken as the relative deviation from the experimentally observed

value

GBE

δState =

E
E

predicted
upper

observed

−E
−E

mean

observed

upper

.

observed

In this way one arrives at a rst estimate for the light baryons' spectra. Then the
strange baryons are included and a manual adjustment of the preliminary parameter
values is made in order to arrive at a good overall t.

6.1.2 The parameter values of the best t
Using the t method and the manual adjustment just described, one nds a possible
optimal set of parameters with values as given in table 6.1. For the coupling constants,
we use values that derive from the phenomenologically known coupling constants for
the

πN , ρN ,

and

ωN

couplings (see [Gla02]).

the pseudoscalar singlet

0

η,

The coupling constant

(g0 )2 /4π

of

which was taken as a free parameter in several previous

models, is set equal to the coupling constant

(g8 )2 /4π

of the pseudoscalar octet; our

calculations indicate this to be a reasonable choice.
The string tension of the connement is determined as

C = 1.935

fm

−2

and thus

is a little smaller than the values used in previous models, and also smaller than one
would expect from the

q̄q

connement. The overall shift

V0

assumes a value of

−1030

MeV.

2 The

η 0 cannot be strictly regarded as a Goldstone boson, anyway, due to its large mass, so this
specic choice just amplies the special role of this pseudoscalar meson in the model.
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Fixed parameters (phenomenological values)

mu = md
µπ
µη 0
µω8
µ
g02 /4π
(g8T )2 /4π
scalar

340 MeV
139 MeV
958 MeV
869 MeV
980 MeV
0.67
0.16

ms
µK
µρ
µω0

507
494
770
947

g82 /4π
(g0V )2 /4π

0.67
1.107

MeV
MeV
MeV
MeV

µη
µK ∗
µσ

547
892
680

(g8V )2 /4π
(g0T )2 /4π

0.55

MeV
MeV
MeV

0.0058

Free parameters (tted to the experimental spectrum)

Λπ
Λρ
C

834 MeV
1145 MeV
1.935 fm−2

ΛK
Λσ
V0

1420 MeV
1513 MeV
−1030 MeV

Λη0

1400

MeV

Fixed and tted parameters of the extended Goldstone-boson-exchange model
constructed in this work. For the meson masses, we use the experimentally measured values,
and the values for the coupling constants are derived from phenomenology [Gla02].
Table 6.1:

6.2 The resulting spectra
In the following section we will give the full spectra of the six light and strange
baryon families

N , ∆, Λ, Σ, Ξ,

and

Ω

and their lowest excitations, calculated from

our parametrization of the extended GBE constituent quark model as described in the
previous section. We will shortly discuss each of these baryons and give the lowest
5
excitations for all baryonic states with J ≤
up to an energy of E ≤ 2700 MeV
2
(at most 10 excitations) for comparison with the experimental data (as published

+
by the Particle Data Group [H 02]).

For most of the predicted excited states no

experimental counterparts can be found, and for some experimentally measured states
the exact total angular momentum
up to an energy of

2700

J

is not known. Although we give calculated states

MeV, this should not be interpreted as a prediction of real

baryonic states of such high energies, mostly because the eective model presented in
this work cannot be assumed valid up to such energies. Furthermore, for our ts we
consider only very few light (and even fewer strange) states, so the good description
of the lowest two or three excitations for each state is given most attention.

6.2.1 The ground states of the light and strange baryons
In the ts of the parameter values of our parametrization of the GBE constituent
quark model several states (see the original tting function (6.2) for the light baryons)
are taken into account to obtain a preliminary set of good parameters. As the error
of each state is considered as relative to the experimental uncertainty, this procedure
leads to a high emphasis of the (best known) ground states of the baryons.
The results of our calculations are shown in gure 6.1.

The theoretical levels
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Ground states of the light and strange baryons as predicted by our extended
GBE constituent quark model. Experimental values and their uncertainties [H+ 02] are given
as gray boxes (or practically straight lines in case of the N , ∆, Λ, and Ω ground states).
Figure 6.1:

match the experimental data rather well. The ground states of the
and the

N,

the

∆, Λ, Σ,

Ω

baryons are correctly predicted within their experimental uncertainties of
3+
only few MeV. Only the J =
triplet state Σ(1385) from the decuplet is predicted
2
1+
3+
18 MeV too low, and the Ξ(1314 − 1321) (J =
octet) and Ξ(1530) (J =
2
2
decuplet) states are 35 above and 15 MeV below their experimental ground states
respectively. The

∆(1235)

can only be predicted to such a high degree, if one does

not put too much weight on the degenerate

N (1675)

and

N (1680)

states (see the

discussion in section 7.4).
The comparably large deviations of the

Σ

and

Ξ

ground states can be explained

by the fact that we did not put any emphasis on the

Ξ

and the decuplet

Σ

states

upon xing our parametrization. One might be able to nd a parametrization that
describes these ground states better, but at the expense that the other states of the
light baryons lose some quality.
We also have to mention that our parametrization is already done with a view
on the inclusion of the spin-orbit terms.

While these terms are neglected in our
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calculations, we tried to choose our parameter set in such a way that the eects
of the spin-orbit components in the vector and scalar potentials, as well as in the
connement, can be expected to improve our results.

Thus some aspects of the

present parametrization might not be chosen optimally for a model without spinorbit forces, but will provide a good starting point for spin-orbit terms to be included
(see the work of [Gla02]).

6.2.2 The nucleon spectrum
The complete excitation spectrum of the nucleon from our parametrization is given in
gure 6.2. The nucleon ground state

N (939)

is used to x the over-all shift constant

V0

in the connement, so the nucleon ground state is a priori predicted correctly.
1−
1+
P
P
and J =
lowest positive- and negative-parity
The level ordering of the J =
2
2
states is correctly described like it was already the case in previous versions of GBE
constituent quark models.
lowest negative-parity state

The Roper

N (1440)

resonance falls

60

MeV below the

N (1535),

both of which are correctly predicted within
−
P
their experimental uncertainty bounds. The remaining J
= 32 state N (1520) of
the rst band also falls within its experimental uncertainty.
While the rst band in the spectrum is very well described and falls completely
inside the experimental errors, the second band is only approximately correct. Only
2+
P
the J =
state N (1720) is still predicted inside its large experimental uncertainty.
3
is predicted at an energy of E ≈ 1762 MeV and
−
P
so lies 12 MeV above the experiment. The J
= 12 state N (1650) practically falls
The positive-parity state

N (1710)

inside the experimental data (with only

5

MeV error above), and although both states

are somewhat too high, the correct level ordering between the second positive- and
−
P
negative-parity J
= 21 excitations N (1710) and N (1650) is obtained. Both 12
excitations

N (1535)

and

N (1650)

are correctly described by our model in contrast

to the extended model including the spin-orbit terms [Gla02], where these two states
are shifted to lower energies by a considerable amount.
+
−
P
The J
= 23 and J P = 32 states N (1720) and N (1700) of the second band are
not well determined from experiment and might even be degenerate (like the two
J P = 25 states). Their experimental error is about 100 MeV, so any prediction near
3+
the experimental error box can be seen as an acceptable prediction. The
state
2

N (1720) even falls inside the error box, while the N (1700) is predicted 20

MeV below

the experiment.
One of the biggest problems in obtaining a good description by our model was
+
−
P
posed by the two degenerate J
= 25 and J P = 52 states N (1680) and N (1675).
Experimentally they have rather sharp error bounds of
to

1685

1675

to

1690

MeV and

1670

MeV, respectively. As explained in more detail in section 7.4, it turned out

that the present model is not able to explain the degeneracy of these states, while
keeping at the same time a good description of the

∆

baryon. Only the inclusion of

the spin-orbit forces can cure this deciency. The investigation of this problem goes
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The nucleon spectrum as predicted by our extended GBE constituent quark
model. Experimental values and their uncertainties [H+ 02] are given as gray boxes.
Figure 6.2:

beyond our task and was the subject matter of the diploma thesis of ref. [Gla02].
P
Even higher excitations J
> 52 are not reliably observed in nature. Our calculations indicate that the energy dierences in the various excitations become much
smaller for these higher excitations. Thus, even if one attributes validity of the GBE
model for excitations higher than about

1900

or

2000

MeV, the energy dierences

might simply become too small in order to discriminate between dierent excited
states above the second band. Even more important is the fact that in this energy
regime such eects like the string break-up will play an increasingly important role,
and they are not incorporated in our model.
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6.2.3 The ∆ spectrum
The

∆

Y = 1 states ∆− , ∆0 , ∆+ , and ∆++ of
+
P
has a J
= 32 ground state ∆(1232) which

baryon, which consists of the four

the decuplet representation of

SU (3)F ,

is exactly predicted in our calculations. The complete excitation spectrum from our
model is given in gure 6.3.


 






 

                   
            
                 

            
            






                 
                        
                   

    

            
            






                        


            

                        

               



 









 


 


 

 








The ∆ spectrum as predicted by our extended GBE constituent quark model.
Experimental values and their uncertainties [H+ 02] are given as gray boxes.

Figure 6.3:

The

JP =

1−
state
2

∆(1620)

completely inside the error bounds.
about

25

JP =
∆(1700)

as well as the
Only the

3+
excitation
2

∆(1600)

lie

state in the rst band lies

MeV below the experimentally measured uncertainty.

Here  like in all

previous semi-relativistic GBE constituent quark models  the level ordering of the
3
P
two J =
states ∆(1600) and ∆(1700) cannot be correctly predicted, as the ∆(1700)
2
is predicted

45

MeV below the

data seem to indicate.

∆(1600)

state in contrast to what the experimental
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∆

61

spectrum is also quite well described, however, our

∆(1910), ∆(1920), and ∆(1905)
−
positive-parity excitations. The negative-parity J
= 25 excitation ∆(1930) cannot
−
P
be reproduced by our model, where the lowest J
= 52 state lies at an energy of
≈ 2060 MeV. Higher excitations in the J P ≤ 52 sector are not reliably observed in
11 +
7+
P
experiment. With regard to the similarly high-lying J =
and
states ∆(1950)
2
2
and ∆(2420) we may have considerable doubts of the validity of any CQM.
spectra suggest two close-lying states for each of the

P

6.2.4 The Λ spectrum
The

Λ

avors

baryon is the rst strange baryon, consisting of three quarks with dierent

u, d, and s.

It also forms the avor singlet state

and is part of the octet representation of

Λ0

of

SU (3) with Y = T3 = 0

SU (3)F .


 


                        
            





 






            
                        

            
                        

            
                        



 

                 
                        
                        
                        
      

                   
            
           





           











 


 

 


 








Figure 6.4: The Λ spectrum as predicted by our extended GBE constituent quark model.
Experimental values and their uncertainties [H+ 02] are given as gray boxes.
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1+
state
2
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Λ(1115), which is exactly reproduced in our model

(gure 6.4 shows the complete spectrum). However, in contrast to the nucleon spec1−
P
trum, the rst excitation above the ground state is the J =
state Λ(1405). This
2
very particular state is probably not a pure
sizable contributions from

K

-

N

QQQ

state, but instead consists also of

QQQq q̄ or similar states.

This is because it lies close to the

threshold and so feels large inuences from the decay channel. For these rea-

sons, the

Λ(1405)

has never been described even approximately by GBE constituent

quark models. Our parametrization of the extended GBE CQM is no exception to this
phenomenon, with the
so

170

Λ(1405) state assuming an energy of EΛ(1405) ≈ 1583

MeV and

MeV above the rather accurate experimental value. Still, it remains noticeably

below the

Λ(1600)

positive-parity excitation and so the correct level ordering of the

rst positive- and negative-parity excitations is guaranteed. The next excitation, the
−
J P = 32 state Λ(1520), is also predicted 66 MeV above the sharp experimental value.
±
P
Of the remaining excitations, all the J
= 12 states practically fall inside their
+
P
error boxes, and also the J
= 32 state Λ(1890) is obtained at the lower bound of
+
−
P
the experimental data. Like in the nucleon, the two lowest J
= 25 and J P = 52
excitations should be (almost) degenerate according to their experimental values.
Again, our model is unable to yield this feature, which can only be achieved by the
inclusion of the spin-orbit components of the meson-exchange and the connement
potentials [Gla02].
Experimental data also suggest a
and

2140

JP =

5+
excitated state
2

Λ(2110)

between

2090

MeV. Our calculations show one energy eigenvalue in that range, however,

there are three other eigenvalues below this energy, so these probably do not describe
the same state. This appears as another indication that the validity of our model is
restricted to an energy range of 1900 to 2000 MeV.

6.2.5 The Σ spectrum
The

Σ

baryon family contains both states that are members of the octet and of the
1+
P
decuplet representation of SU (3)F . The two ground states are the J =
multiplet
2
3+
+
0
−
P
Σ , Σ , and Σ at energies around 1189 to 1197 MeV and the J = 2 multiplet

Σ(1385) with an experimentally measured energy range from 1382 to 1388

MeV. The

rst is predicted by our parametrization at exactly that energy, while the latter is
obtained at

15

MeV below the error bars (gure 6.5).

1−
The few known remaining excitations are predicted quite well, where the lowest
2
3−
negative-parity states Σ(1750) and Σ(1670) seem to consist of three distinct
and
2
energy eigenstates in our model, which are spread over a range of about 90 MeV.
−
P
The lowest of these J
= 21 states is 30 MeV below the experimental bound, while
3−
P
the remaining two fall inside the error box. The J =
states all lie up to 75 MeV
2
5+
5−
above the experimental data. The lowest experimental
and
states are well
2
2
5−
state only 14 MeV below the experiment.
described in our model, with the
2
+
According to the compilation of the Particle Data Group [H 02], one should
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The Σ spectrum as predicted by our extended GBE constituent quark model.
Experimental values and their uncertainties [H+ 02] are given as gray boxes.

Figure 6.5:

expect a

JP =

3−
state at an energy of 1900 to 1950 MeV. However in our calculations
2

there is a large energy gap of 330 MeV from 1760 to 2067 MeV in the spectrum,
wherefore our model cannot explain this state at all.

6.2.6 The Ξ spectrum
In the

Ξ

spectrum, only three states are experimentally measured with a determined
+
+
J . These are the J P = 12 Ξ0 /Ξ− ground states at 1314 and 1321 MeV, the J P = 32
−
P
state Ξ(1530) and the J
= 32 state Ξ(1820). All of these are more or less well

P

described in our calculations (gure 6.6), with the ground state lying 30 MeV too
high.On the other hand the

Ξ(1530) is 15 MeV too low, whereas the Ξ(1820) is again

11 MeV above the experimental value.
Experimentally there is another state at

E ≈ 1690±10

MeV, which is not found in
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The Ξ spectrum as predicted by our extended GBE constituent quark model.
Experimental values and their uncertainties [H+ 02] are given as gray boxes.
Figure 6.6:

5
P
P
our calculations, where we only consider values of J up to ; the J for the Ξ(1690)
2
5
is unknown and might be above . Apart from this state, there are no experimental
2
states below 1800 MeV, which is in agreement with our model.
The Particle Data Group lists two other experimental states, the Ξ(1950) with
5
P
P
unknown J , and the Ξ(2030) with J ≥ . For the rst of these states, our spectrum
2
−
+
P
shows either a J
= 12 excitation at E ≈ 1941 MeV or a J P = 32 resonance

E ≈ 1958 MeV. Calculations including the spin-orbit terms indicate that the
−
+
J = 12 state actually lies below 1900 MeV, but the J P = 32 state might correspond
5
5+
P
P
to the Ξ(1950) experimental state. For the Ξ(2030) with J ≥ , our lowest J =
2
2
state at E ≈ 2029 MeV might be a candidate, but since we did not calculate the
P
P
spectra for higher J , we cannot rule out a higher J
for the Ξ(2030).
at

P
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6.2.7 The Ω spectrum

 







 




 







 


 

 


 








The Ω spectrum as predicted by our extended GBE constituent quark model.
Experimental values and their uncertainties [H+ 02] are given as gray boxes.

Figure 6.7:

Finally, the

Ω

the ground state

is the baryon with the least experimentally known states.

Ω

−

is measured at

E ≈ 1672

Only

P

J
J =

MeV, however, its

has not been
3+
−
determined experimentally. The Particle Data Group still gives
for the Ω
2
P
as a prediction from the quark model. Our model of course supports this J
with
+
3
a calculated
state at 1672 MeV exactly matching the experimental value. The
2
P
only other known state is the Ω(2250), again with unknown J . In our model we
+
+
P
nd two J
= 21 , two J P = 32 , and two J P = 52 states near that energy, but we

P

also nd three lower excitations which are not measured experimentally. They lie at

E ≈ 2000

MeV and

E ≈ 2110

MeV. As already mentioned several times, our model

can probably no make any reliably predictions in this energy regime.
Looking at the

Ω spectrum, one has to notice the resemblance to the ∆ spectrum,
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which can be explained by the corresponding avors of the constituent quarks. While
the

∆++

consists of three

three strange quarks

s.

u

quarks, and the

∆−

of three

d

quarks, the

Ω

is built of

Since in all of these baryonic states only force components

acting between constituent quarks of the same avors occur, one has to expect a
similar spectrum, only shifted to higher energies for the
the strange quark.

Ω

due to the higher mass of
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In this chapter we will take a closer look at some of the problems and open
questions that arose during the construction of the present extended GBE constituent
quark model whose results are discussed in the previous chapter. In particular, we
will rst take a look at the eect of each of the free parameters, rst regarding the
cut-o parameters

Λπ , Λρ

and

Λσ

as well as the special cases of

ΛK ,

Λη0 .

and

From

the beginning our aim has been to keep the number of open parameters for a good
t to a minimum. However, in the course of our work it turned out that a simple
linear dependence of the remaining cut-o parameters is simply not sucient, and
the spectrum can be improved if we treat the cut-os for the

K

and the

η0

as separate

free parameters.
After this investigation of the cut-o parameters for the smearing of the

δ -function

in the contact interaction, we will consider the connement potential and discuss a
α
possible inclusion of an additional Coulomb term of the form
into the connement
r
+
potential. Lattice QCD calculations [B 00] suggest such a term in the q q̄ connement,
however, our results show that in our model this term can eectively be absorbed
into the

Vσ

and a (modied) linear connement potential by a suitable choice of

parameters.

5+
P
The nal problem we will address here is the near degeneracy of the J =
and
2
5−
P
J = 2 states N (1680) and N (1675). We will learn that this cannot be achieved to
a reasonable degree in our model, where we neglect the spin-orbit forces.
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7.1 The eect of the cut-o parameters
Our model relies on ve cut-os

Λγ

as free parameters.

We avoid a proliferation

of open parameters from the cut-os by the linear prescription (6.1) for each of the
meson families: The pseudoscalar mesons are all scaled linearly from the

Λπ

according

to their masses, the cut-os for the vector mesons are derived in an similar manner
from the

Λρ , and the scalar mesons (σ , f0 , a0 , κ) employ the Λσ

as their initial value,

from which the remaining three parameters are calculated by the relation (6.1).
Initially we even intended to derive the

Λσ

from either the

Λπ

Λρ ,

or from the

however, in these cases we were unable to obtain a reasonable spectrum. Instead it
turned out that using the

Λσ

as a free parameter allowed us to signicantly improve

the spectrum, and furthermore absorb the eect of a Coulomb term from the connement potential (see section 7.2). Using only these three cut-o parameters

Λπ , Λρ , Λσ

Λη0

separately

already gave reasonable results. However, we found that variation of
improved the t a lot.

It also turned out that treating the

ΛK

as a separate free

parameter helps in adjusting the spectra of the strange baryons after the

N

spectra have been xed. This is of course a consequence of the fact that the

and

K

∆

acts

as an exchange meson only between a light and a strange constituent quark and thus
has no inuence on the nucleon and

∆ spectra

1

. Thus, when examining the eects of

the cut-os on the energy states, we will in general only look at their inuences on

ΛK will be checked
Λ, Σ, Ξ, and Ω.

the nucleon and delta states. The inuences from the
several energy eigenstates of the strange baryons

along with

To have greater exibility in our experiments, in some cases we generalized the
linear prescription (6.1) to include a slope parameter

Λγ = Λπ + κπ (µγ − µπ )

κγ :

for pseudoscalar mesons

Λγ = Λρ + κρ (µγ − µρ )

for vector mesons

Λγ = Λσ + κσ (µγ − µσ )

for scalar mesons

Whenever we give values for either of the

κγ

γ = K, η, η 0 ,

(7.1a)

γ = K ∗ , ω0 , ω8 ,

(7.1b)

γ = a0 , f0 , κ .

(7.1c)

in the sequel, it is meant that we

used this extended scaling rule.

7.1.1 Eects of the pseudoscalar, vector, and scalar cut-os
The (pseudoscalar)

π

exchange is by far the most important contribution to the light

spectrum. This can be seen from the fact that already earliest models, including only
the spin-spin terms of the

π

exchange, could predict the spectra astonishingly well.

Figure 7.1 shows the eect of the Pion cut-o on the light spectra. It is important

N (1440), N (1710), and N (1680)
nucleon and the ∆ states.

to notice that the positive-parity nucleon states
far less aected than the negative-parity

1 The

are

vector K ∗ and scalar κ mesons display a similar behavior, but their eects are considerably
smaller than the one of the K . Therefore we maintained the scaling of their cut-os due to the Λρ
and Λσ .
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Effect of the pseudoscalar cut-offs on the light baryons
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800

900

1000

1100

LΠ

The inuence of the pseudoscalar cut-os due to varying Λπ on the nucleon
and ∆ spectra. The gray dashed lines indicate the experimental energies of the considered
states.
Figure 7.1:

The multiple exchange of Goldstone bosons leads to the inclusion of the vector
mesons

ρ, K∗, ω8 ,

and

ω0 .

Their cut-os are scaled from the

Λρ

value, which has an

inuence on the spectrum as shown in gure 7.2. The biggest inuences are seen for
the

∆(1232), ∆(1600)
The

Λπ

Λσ

and the

states, and the nucleon excitations with higher

nally relates to the scalar mesons.

Λρ

JP .

Its eect is mostly adverse to the

Λσ leads to lower energies for several states.
∆(1232) and the ∆(1600) states are shifted down

in that a higher value of

In particular, the energies of the
considerably.

7.1.2 The separate free cut-os ΛK and Λη
K

0

meson exchange only acts between a light and a strange quark, and so has no

inuence on the light baryons (nucleon and

∆).

One might thus hope to obtain a

reasonable parametrization by rst tting the light baryon spectra (plus the

Ω) using

the remaining parameters, and afterward adjust the spectrum of all strange baryons
mainly using the

ΛK

(and possibly the strange constituent quark mass

taken as predetermined at

ms = 507

ms , which was

MeV in our model). As it turned out, this is a

viable approach and it was followed in our parametrization of the GBE CQM.
The eect caused by the

Ξ

ΛK

on the ground states of the strange baryons

Λ, Σ, and

ΛK leads to lower energies of the positiveΞ(1314), while the remaining negative-parity

is shown in gure 7.4. A larger cut-o

parity states
states of the

Λ, Λ(1670), Σ(1190), and
Λ, Σ, and Ξ baryon are aected

Finally, the

only to a minor degree.

η 0 meson plays a special role among the pseudoscalar Goldstone bosons
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Effect of the vector cut-offs on the light baryons
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The inuence of the vector cut-os due to varying Λρ on the nucleon and ∆
spectra. The gray dashed lines indicate the experimental energies of the considered states.

Figure 7.2:

Effect of the scalar cut-offs on the light baryons
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The inuence of the scalar cut-os due to varying Λσ on the nucleon and ∆
spectra. The gray dashed lines indicate the experimental energies of the considered states.

Figure 7.3:
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Effect of the cut-off LK on the strange baryons
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The inuence of the cut-o ΛK on the strange baryons' spectra. The gray
dashed lines indicate the experimental energies of the considered states.
Figure 7.4:

Effect of the cut-off LΗ’ on the light baryons
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The inuence of the cut-o Λη0 on the nucleon and ∆ spectra. The gray dashed
lines indicate the experimental energies of the considered states.
Figure 7.5:
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because of its large mass. It cannot even approximately be seen as a Goldstone boson,
as already mentioned several times. Due to its high mass, a linear scaling rule as in
equation (6.1) leads to unrealistic values for the

Λη0 ,

so its value has to be taken as

an additional free parameter. Figure 7.5 shows its (rather minor) eect of shifting all
energies down in parallel by about the same value.

7.2 Including a Coulomb term
ment
In the work by Bali et al.

c
r

into the conne-

+
[B 00] one has obtained static potentials for quark-

antiquark pairs in quenched and unquenched simulations, with special emphasis on
the eect of Wilson sea quarks. One tted the ground state potentials to a Cornelltype parametrization

c
V (~r) = V0 + σr − + g
r
Here the term

[ 1r ]



 
1
1
−
.
r
r

(7.2)

denotes the tree level lattice propagator in position space and is

included to quantify the short distance lattice artefacts. As the authors point out, this
parametrization of the potential is meant to be only an eective description within a
specied range "rather then being theoretically sound". Values for the coecients

σ

(which corresponds to our string tension

C)

and

c

V0 ,

+

are also given in [B 00]. Since

in this work the calculations were done with only two quark avors, G. Bali provided
some values extrapolated to three avors (considering that the central value is about
460 MeV) in a private communication. In particular, he gave the following values:

c
σ

2 avors

3 avors extrapolated

0.37(2)
(462(58) MeV)2

0.4 − 0.42
(435(30) MeV)2

The range of validity of the tted potential is

0.2

fm

≤ r ≤ 1.1

fm. Below that

regime, the Cornell potential underestimates the lattice values, and the lattice artefacts are considerable as Bali pointed out (however, they do not have sucient results
in that area to quantify these eects). Above that regime, the ground state potential becomes almost at (which is in astonishing conformity with the connement
potential (3.8) chosen in previous models of the Graz group [WGPV00a, PGVW99]).
One also has to notice that this region of validity is just the range suggested
by Manohar and Georgi [MG84] where the degrees of freedom can be described as
constituent quarks, gluons and Goldstone bosons, with the gluons having only a small
eective coupling to the constituent quarks.
We tried to use Bali's values in our connement potential (since we are dealing
with 3-quarks systems, the values need to be multiplied by a factor

3/2),

neglecting

the last term that includes the lattice artefacts. Within such a puristic framework
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the minimal error depends linearly on α
Figure 7.7:

one cannot well reproduce the baryon spectra, as most states lie considerably above
the experimental values. This cannot be cured by adjusting the other parameters of
the potential and leaving the connement untouched.

7.3 Additional Coulomb connement potential
Although the strict lattice QCD values cannot be accommodated in the CQM, a
connement of the form (7.2) but with adjusted coecients might still be expected
to lead to an improvement over the linear connement. To stay consistent with our

α and the
V (~r) = V0 + Cr − αr .

previous notation, we will now call the coecient of the Coulomb term
string tension

C,

so our connement potential is written as

A rst approach to get an idea of the eect of the additional Coulomb term
is to vary only the two parameters

C

and

α

in the connement and leave the other

parameters xed at their values of the best t. Figures 7.6 and 7.7 show the deviations
of the most important states upon variation of these two parameters.
The individual eects of the two connement parameters are given in gures 7.8
and 7.9. As one can see, for moderate values of

α

all energy states go up simultane-

ously, so that by reducing the string tension one can hope to balance the eect of the
Coulomb term. Consequently, one may expect good spectra also for values of

α ≈ 0.5

and above. Figures 7.10 and 7.11 show two examples of acceptable spectra for the
light baryons for moderate and even strong values of

α.

The modied parameter sets

for the two versions in the gures are given in table 7.1.
As each one of these spectra seems to be reasonable, one might ask if the Coulomb
1
term in the potential
term is necessary at all. It turns out that although a small
r
seems to be of advantage, it can be completely absorbed by other potential terms. As
gures 7.8 and 7.9 suggest, the string tension can achieve this at rst instance, while
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Effect of the C on the light baryons
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Figure 7.8:
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The inuence of the string tension C on the spectra.

Effect of the Α on the light baryons
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The inuence of the Coulomb term on the spectra.
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Λπ , κπ
Λρ , κρ
Λσ , κσ
C
α
Table 7.1:

tial.

gure 7.10

gure 7.11

850 MeV, 0.9611

500 MeV, 0.7568

1118 MeV, 1.0035

564 MeV, 1.3933

1452 MeV, 1.0109

811 MeV, 1.1406

1.0296

0.9558

0.2661

0.6

Modied parameter values in case of an additional Coulomb connement poten-
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Fit with large Coulomb connement α = 0.6.
Figure 7.11:

the remaining small dierences can be absorbed by the scalar potential
especially the

Vσ ,

varying

Λσ .

7.4 Near degeneracy of the J P

=

5
2

states N (1675) and

N (1680)
Experimentally, the

JP =

5+
state
2

N (1680)

and the

JP =

5−
state
2

N (1675)

are

almost degenerate, a fact which cannot be described in our model. We could not nd
any parameter set where these two states are even close to be degenerate without
completely destroying the other states.

A particular example, showing a t where

these two states are practically degenerate, is presented in gure 7.12 where the
following parameter set was used:

Λπ = 806

MeV, κπ

= 0.7905, Λρ = 1151

MeV, κρ

= 0.9724, C = 1.9157 .

The scalar cut-o parameters in this example were taken according to from the pseudoscalar cut-os.
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Example of a destroyed spectrum when the N (1680) and N (1675) states are
forced to be degenerate.
Figure 7.12:

Clearly, the

∆(1232)

ground state is unacceptable. However, if one tries to shift

it to lower energies (e.g. by increasing
and simultaneously the

N (1675)

κπ ), the N (1680) state will increase its energy,

will be shifted to lower energies.

For another case with an almost degeneracy, we found that the

JP =

1−
states of
2

the nucleon were dramatically shifted to lower energies.
From our attempts it is pretty evident that a reasonable degeneracy cannot be
obtained in an extended model without including the spin-orbit terms of the vector
and scalar exchange potentials. The full model including these spin-orbit components
in [Gla02] is nally able to produce practically degenerate

N (1680) - N (1675) states;

it also improves upon some other aspects of the GBE CQM.

Chapter 8
Conclusion
In this work we have studied several aspects with regard to the extension of the
GBE CQM. In particular, we have investigated the eects of additional force components beyond the sin-spin part of the pseudoscalar exchange (which was the only
piece constituting the hyperne interaction in the originally published GBE CQM

+
[GPP 98, GPVW98]).
In addition to the pseudoscalar interaction we have examined the inuences of
vector and scalar boson exchanges, meant to describe eectively multiple GBE. While
the coupling strengths of all force components were assumed to be xed (as following
from meson-nucleon phenomenology), we have studied the dependence on the cuto parameters.

The latter cannot directly be xed from other sources and thus

represent t parameters in the construction of a GBE CQM. We have found that one
can assume the cut-o parameters to scale linearly with the masses of the exchanged
mesons, with the notable exception of the pseudoscalar

η0

and

K

mesons.

In connection with these tests of the various ingredients in a GBE hyperne interaction we have also investigated inuences form possible pieces in the connement
1
interaction beyond the linear term. In particular, the
potential has been studied.
r
It was found that its eect can be incorporated through a suitable parametrization
of the cut-os in the hyperne interactions.
Based on these detailed studies we have parametrized an extended version of
a GBE CQM that includes all possible force components except for the spin-orbit
interaction; it provides a description of all light and strange baryon spectra of a
similar or even better quality than previous versions of the GBE CQM. The spinorbit interaction has not been included because its investigation has been the subject
matter of a parallel diploma work [Gla02].
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